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Surprises on the Way from One- to Two-
Dimensional Quantum Magnets: The Ladder Materials

Elbio Dagotto and T. M. Rice

To make the transition from the quasi-long-range order in a chain of antiferromagnetically
coupled S = 1/2 spins to the true long-range order that occurs in a plane, one can
assemble chains to make ladders of increasing width. Surprisingly, this crossover be-
tween one and two dimensions is not at all smooth. Ladders with an even number of legs
have purely short-range magnetic order and a finite energy gap to all magnetic excitations.
Predictions of this ground state have now been verified experimentally. Holes doped into
these ladders are predicted to pair and possibly superconduct.

The unexpected discovery of high-temper-
ature superconductivity (1) in lightly doped
antiferromagnets has sparked renewed in-
terest in low-dimensional quantum mag-
nets. The parent cuprate insulators are now
considered the best examples of planar spin-
1/2 antiferromagnets with isotropic and
predominantly nearest-neighbor coupling.
They show simple long-range antiferromag-
netic (AF) order at low temperatures in
agreement with theory, which predicts an
ordered ground state for the S = 1/2 AF
Heisenberg model on a two-dimensional
(2D) square lattice (2). The 1D AF Heisen-
berg chain is also well understood. A fa-
mous exact solution found by Bethe many
years ago (3) showed that quantum fluctu-
ations prevent true long-range AF order,
giving instead a slow decay of the spin
correlations at a rate that varies essentially
inversely with the separation between the
spins. Therefore, it came as a great surprise
when numerical calculations found that the
crossover from chains to square lattices,
obtained by assembling chains one next to
the other to form "ladders" of increasing
width, was far from smooth. Although there
is no apparent source of frustration, quan-
tum effects lead to a dramatic dependence
on the width of the ladder (given by the
number of coupled chains).

Ladders made from an even number of
legs have spin-liquid ground states, so called
because of their purely short-range spin cor-
relation. An exponential decay of the spin-
spin correlation is produced by a finite spin
gap, namely, a finite energy gap to the
lowest S = 1 excitation in the infinite
ladder. These even-leg ladders may there-
fore be regarded as realizations of the
unique, coherent singlet ground state pro-
posed some years ago by Anderson in the

context of 2D S = 1/2 AF Heisenberg sys-
tems (the so-called resonance valence bond
state) (4).
A ladder with an odd number of legs

behaves quite differently and displays prop-
erties similar to those of single chains at low
energies, namely gapless spin excitations
and a power-law falloff of the spin-spin
correlations, apart from logarithmic correc-
tions. This dramatic difference between
even-leg and odd-leg ladders predicted by
theory has now been confirmed experimen-
tally in a variety of systems.

Two-leg S = 1/2 ladders are found in
vanadyl pyrophosphate (VO)2P207 and in
some cuprates like SrCu203 (Fig. 1) (m-leg
ladder denotes m coupled spin-1/2 chains).
Measurements of the spin susceptibility
show that it vanishes exponentially at low
temperature, a clear sign of a spin gap.
Neutron scattering and muon spin reso-
nance measurements are consistent with
short-range spin order in the 2-leg ladders,
although as we stressed before, they are
unfrustrated spin systems that classically
should order without a spin gap. Further
nuclear magnetic resonance (NMR) mea-
surements have confirmed the large spin
gap in the excitation spectrum.

Three-leg ladders (Sr2Cu305) by con-
trast show longer range spin correlations
and even true long-range order at low tem-
perature because of weak interladder forces.
There is excellent agreement between the-
ory and experiment, confirming that there
is a dramatic difference between even- and
odd-leg S = 1/2 Heisenberg AF ladders.

Doped chains have long fascinated the-
orists because they form unusual quantum
liquids, so-called Luttinger liquids, with
many unique properties (5). Although dop-
ing experiments in ladder compounds are
just starting, extensive theoretical studies
have been made of doped ladders. Again, a
clear difference between even- and odd-leg
ladders is predicted. Even-leg ladders are
especially interesting because a variety of
techniques reveal hole pairing in a relative

"d-wave" state, which places them in a
different universality class of 1D systems
than the Luttinger liquids found in single
chains and odd-leg ladders.

Theoretical Aspects of the S =
1/2 Heisenberg Model on Ladders

The properties of S = 1/2 Heisenberg AF
models defined on 1D chains or on 2D
square lattices are well-known. The model
is defined by the Hamiltonian

H = J£Si * Si
(i)j)

where i is a vector labeling lattice sites
where spin-1/2 operators Si are located, (i, j)
denotes nearest-neighbor sites, and J (> 0)
is the AF exchange coupling that provides
the energy scale in the problem. This scale
is material dependent and ranges from a few
millielectron volts to, in the case of high-
temperature superconductors, about 0.1 eV.
On 2D square lattices, the Heisenberg mod-
el has a ground state with long-range AF
order, whereas in 1D chains, the spin-spin
correlation decays slowly to zero as a power
law. Neither system has a spin gap, that is,
there is no cost in energy to create an
excitation with S = 1.

The field of ladder systems started when
Dagotto et al. (6) [see also (7, 8)] found
evidence that 2-leg ladders have a finite
spin gap, because a finite energy is needed
to create a S = 1 excitation. They started
with the simple limit obtained by general-
izing Eq. 1 so that the exchange coupling
along the rungs of a 2-leg ladder (denoted
by J') is much larger than the coupling J
along the chains. This idealization has the
advantage that rungs interact only weakly
with each other, and the dominant config-
uration in the ground state is the product
state with the spins on each rung forming a
spin singlet. The energy in this limit is
approximately Egs = -3/4J'N, where N is
the number of rungs and -3/4J' is the
energy of each rung singlet state T)s =
(It4I) - IIt))/IV2 ( t and 4 are the
spin-up and spin-down eigenvectors of the
spin operator in the z direction). The
ground state has a total spin S = 0 because
each rung is in a spin singlet. To produce a
S = 1 excitation, a rung singlet must be
promoted to a S = 1 triplet A)T = [ tT),
( 1 I, ) + I T ))/V, 1I,I)]. An isolated
rung-triplet has an energy J' above the rung
singlet. The coupling along the chains cre-
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ates a band of S = 1 magnons with a
dispersion law w(k) J' + J(cos k) in the
limit J' >> J (k is the wave vector). The
spin gap is the minimum excitation energy
ASPi= w()r) J' - J, which remains large
in this limit (9). Concurrently, the spins are
mostly uncorrelated between rungs because
the spin correlations decay exponentially
with distance along the chains, leading to
the spin-liquid nature of this state. Note,
however, that the spins are not disordered
but are in an isolated quantum-coherent
ground state.

In the other extreme, J'IJ = 0, the two
chains decouple, but isolated spin-1/2
Heisenberg chains do not have a spin gap
and excitations with S = 1 and k = ir are
degenerate with the ground state in the
bulk limit. To reconcile the different be-
havior in the limits J'/J >> 1 and J'IJ = 0,
it was conjectured (6) that the spin gap
should smoothly decrease as J'/J is reduced,
reaching Asp,, = 0 at some critical value of
the coupling. Later, Barnes et al. (9) ob-
served that the power-law decay of the spin
correlation in an isolated chain implies that
a chain is in a critical state and thus small
perturbations can qualitatively alter its
properties. They predicted that the spin gap
would vanish only at J'IJ = 0, so that Aspm
> 0 at all J'/J > 0, including the values of
experimental interest, J'/J - 1. The ladder
spin system would always be in a spin-liquid
state, in contrast to the more familiar cases
of the 1 D and 2D Heisenberg models,
which are gapless.

Physical realizations of ladders like
SrCu2O3 or (VO)2P207 correspond to J'
J. However, at J' = J there is no small
parameter to guide a perturbative calcula-
tion, nor is an exact solution known. Nu-

B

--

(VO)2P207

merical techniques can handle the region J'
J, and exact diagonalization of small clus-

ters and quantum Monte Carlo techniques
have been used (6, 9) to study Aspin as a
function of J'/J. The techniques used are
not essential to this discussion, so the reader
is referred to (10) for details.

Numerical calculation of Aspin (9) (Fig.
2A) shows that indeed spin > 0 for all J'IJ
f 0. At the realistic coupling J' = J, the
gap is Aspin 0-5J. More recently, White et
al. ( 11), using a renormalization group
(RG) technique suitable for static proper-
ties of 1D systems, reported Aspin = 0.504J
at J' = J, in excellent agreement with pre-
dictions (6, 9). There are AF spin correla-
tions at short distances along the chains
and across the rungs, but even at J' = J, the
latter are somewhat stronger ( 11), showing
that the rough picture of a ground state
dominated by rung singlets (6) is robust.
The closely related one-band Hubbard
model at half-filling also shows a spin gap
for all interaction strengths (12, 13).
A useful intuitive approximation is to

visualize the ground state of a 2-leg ladder
as mostly rung singlets supplemented by
weak AF correlations along the chains. Go-
palan et al. (14) suggested that a good vari-
ational description of the ground state
could be obtained using the short-range
resonance valence bond state proposed by
Anderson (4) and Kivelson et al. (15) with
mostly adjacent rung singlets but including
resonance between two adjacent rung sin-
glets into two nearest-neighbor singlets
along the chains (12).

Determining what happens if we in-
crease the number of "legs" in the ladder is
not a purely academic pursuit: Materials
such as Srn-i Cun+ 102n contain ladder

J -0-I

- .

structures with a number of legs that de-
pends on the value of n (16). The large J'IJ
limit allows us again to make predictions for
the behavior of the m-leg ladder. Let us
begin with the even-leg ladder. At J'/J >>
1, the rungs decouple, and at each level
there are 2m states instead of the four states
of the 2-leg ladder, apparently complicating
the problem. However, the ground state of
the m-spins rung is also a S = 0 singlet
separated by a finite gap from the first ex-
cited state. Thus, as in the case of the 2-leg
ladder, the even-leg ladder at J' >> J has a
finite spin gap proportional to '. Taking the
analogy with the 2-leg ladder further, it is
plausible to assume that a spin gap exists in
the even-leg ladder for any J'/J 0 0. Early
numerical calculations on 4-leg ladders are
in agreement with this picture (8). By eval-
uating exactly the 4 X 6 and 4 X 8 clusters
with periodic boundary conditions and ex-
trapolating the results to the bulk limit using
an exponential form, Poilblanc et al. (17)
obtained a spin gap Aspin = 0.245J, which is
about half the size of the gap for the 2-leg
ladder. Hatano and Nishiyama (18) found
Asin= 0.27J using a similar analysis. A
reAuction in the size of the gap is natural
because as the width of a ladder grows, the
limit for the 2D square lattice is approached
and Asin -> 0. White et al. (I 1), using a RG
technique on larger 4 x N clusters but with
open boundary conditions, which amplify
the finite size effects, reported Aspin =
0.190J extrapolated to N -* oo, with a spin
correlation length tAF- 5 or 6. Finally, a
mean-field approach (14) predicted Aspin =
0.12J. The presence of a finite spin gap in
the 4-leg ladder seems by now well estab-
lished theoretically, but some discrepancies
on its value remain to be clarified.

Rice et al. (16) and Gopalan et al. (14),
quoting arguments by Hirsch and Tsunet-
sugu, made the interesting observation that

JyJ
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Two-leg ladder
SrCu203

Three-leg ladder
Sr2Cu305

Fig. 1. (A) Ladder compound (VO)2P207; 0 and V ions are indicated. [Reprinted from (31).] (B) Schematic
representation of the 2-leg compound SrCu203 and the 3-leg compound Sr2Cu305. The black dots are
Cu atoms, and the intersections of the solid lines are 0 locations; the dashed lines are Cu-0 bonds. The
2- and 3-leg structures are highlighted, J is the coupling along the chains, and J' is the coupling along the
rungs. [Reprinted from (34).]

Fig. 2. (A) Spin gap Aspin versus J'/J for the 2-leg
ladder. The results are extrapolations to the bulk
limit using numerical results obtained on finite 2 x
N clusters. [Reprinted from (9).] (B) Triplet spin-
wave excitation spectra for the isotropic point J' =
J, with J = 7.79 meV and the (VO)2P207 lattice
spacing; kr and kc denote momentum along the
rungs and chains, respectively. [Reprinted from
(24).]
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odd-leg ladders should behave quite differ-
ently from even-leg ladders and display
properties similar to single chains at low
energies, namely gapless spin excitations
and a power-law falloff of the spin-spin
correlations. The simplest way to visualize
this difference is again by analyzing the
large J'/J limit (19). Consider, for example,
3-leg ladders. At large J'/J, each rung can be
diagonalized exactly, leading to a doublet
ground state and doublet and quadruplet
excited states. The rung doublet of lowest
energy will be the dominant configuration
in the ground state at low temperature,
which thus consists now of S = 1/2 states
(doublets) in each rung. The interrung cou-
pling J generates an effective interaction
between these S = 1/2 rung states, which by
rotational invariance must be of the Heisen-
berg form with an effective coupling Jeff as
energy scale. Thus, the ground-state proper-
ties of the 3-leg ladder at large J]/J should be
those of the spin-1/2 Heisenberg chain with
a coupling Jeff instead of J, and thus with a
vanishing spin gap. The argument can be
trivially generalized to all odd-leg ladders.
Because there is no spin gap for the odd-leg
case at both JI'J >> 1 and IJ/J = 0, it is
reasonable that the gap vanishes at interme-
diate values of ]'/], in contrast to even-leg
ladders. A recent numerical RG calculation
(11) verified these intuitive ideas.

Khveshchenko (20) explained the qual-
itative difference between even- and odd-
leg ladders on the basis of an argument used
by Haldane for the 2D square lattice (21).
For odd-leg ladders, a topological term gov-
erning the dynamics at long wavelengths
appears in the effective action, whereas for

Fig. 3. Magnetic susceptibility
x(T) calculated with Monte
Carlo techniques on m-leg
ladders with J' = J on clusters
ofm x 100 sites. For even-leg
ladders, x(T) shows at low
temperature the exponential
suppression caused by the
spin gap, whereas the odd-
leg ladders extrapolate to a fi-
nite number as T -* 0 [Re-
printed from (30).]
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even-leg ladders, it exactly cancels. This
topological term is similar to the one that
causes the well-known difference between
integer Heisenberg spin chains, which have
a finite spin gap, and half-integer spin
chains, which are gapless. The direct anal-
ogy with the Haldane state of the S = 1
chain is realized in ladders with a ferromag-
netic coupling J' < 0 on the rungs: In this
case, in the IJ'IJI >> 1 limit the rungs
become spin triplets rather than singlets
(22). More work is needed to clarify the
relation of the Haldane state of the integer
spin chains and the spin liquid of the AF
spin-1/2 even-leg ladders (23).

The single-magnon spectrum w(k) of the
2-leg ladder evolves from a simple cosine
dispersion at J' >> J, dominated by S = 1
rung states (9), to a more linear dispersion
around the minimum w(r) 0.5J at the
isotropic coupling value J' = J (Fig. 2B) (9,
14). This change can be traced to a spread-
ing of the two parallel spins in the triplet
over more than one rung as J'/J is reduced,
which in turn modifies the dispersion rela-
tion through longer range transfer process-
es. The magnons near k = ir remain as
well-defined modes separated from the two-
magnon continuum (24), which starts at
energy -J near k = 0 (25, 26). The magnon
dispersion should in principle be directly
measurable through inelastic neutron scat-
tering experiments on single crystals, but
only powder spectra are available at present.

Recently, thermodynamic properties of S
= 1/2 ladders have also been studied by
several groups. Troyer et al. (27) used a
quantum transfer-matrix method on 2-leg
ladders to obtain reliable results down to

0.2
TIJ

temperature T 0.2J. The correlation
length of the short-range AF order is iAF
3 to 4 (in units of the lattice spacing), in
agreement with calculations of tAF = 3.19
at zero temperature (11). The magnetic sus-
ceptibility x(T) (24, 27, 28) crosses over
from a Curie-Weiss form x(T) = C/(T + 0)
at high temperature to an exponential fall-
off X(T) - exp(-AspinT)/\V as T -> 0,
reflecting the finite spin gap (29). Recently,
the results were extended to lower temper-
atures and to ladders of up to six legs in
width (30) (Fig. 3).

Experimental Results on
Ladder Compounds

At present, two types of ladder compounds
are known. The first to be identified was
vanadyl pyrophosphate (VO)2P207 (Fig.
IA). The V ions are in oxidation state V4+,
or equivalently, in a state 3dl with the
single electron occupying a nonbonding t2g
orbital. The superexchange interaction oc-
curs through the dpir-overlap ofV 3d and 0
2p orbitals. The magnetic susceptibility
X(T) (Fig. 4A) (31) shows an activated
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Fig. 4. (A) Experimental magnetic susceptibility
x(T) for (VO)2P207, (B) SrCu203, and (C)
Sr2Cu305. The solid line in (B) is the calculated
susceptibility assuming a spin gap of 420 K, from
the equation x(T) T-112 exp(-A/T) (27). The
solid line in (C) is the corrected susceptibility after
subtraction of the low-temperature Curie compo-
nent from the raw data. [(A) is reprinted from (31),
and both (B) and (C) are reprinted from (34).]
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behavior at temperatures T < 100 K cross-
ing over to Curie-Weiss form at higher
temperature. By fitting x(T), Barnes and
Riera (24) found almost equal values J =

7.76 meV and J' = 7.8 meV for the ex-
change along the chains and rungs, respec-
tively. Recently, Eccleston et al. (32) used a
powder time-of-flight neutron scattering
technique to obtain the inelastic spectrum.
The powder average of the dynamic mag-
netic structure factor (Fig. 5) shows clear
evidence of a spin gap: at a wave vector wT,
A in 3.7 ± 0.2 meV, a value that agrees
well with the theoretical prediction of

spin
= 0.5J = 3.9 meV (6, 9). The data do not
allow a unique determination of the mag-
non dispersion relation but are consistent
with the form illustrated in Fig. 2B.

Cuprates with modified copper-oxygen
planes and other structures form a second
type of ladder compound. The key is the
configuration of the CuO4 squares. The
high-critical temperature (high-To) cup-
rate families are all based on CuO2 planes
with CuO4 squares that are all corner-shar-
ing. This leads to 1800 Cu-0-Cu bonds.
Because the Cu2+ ion has a 3d9 configura-
tion with the single hole occupying an an-
tibonding eg orbital, there is an exception-
ally strong superexchange interaction (J
0.13 eV) through dpa overlap with the 0
2p-orbital common to both CuO4 squares.
In the ideal CuO2 plane, the 0 ions form a
square lattice and the Cu ions occupy the
centers of exactly one half of the 04
squares, also forming a square lattice. If a
line defect is introduced in the Cu occupa-
tion so that different left and right sets of
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Fig. 5. Neutron scattering data for (VO)2P207
showing the finite spin gap Eg. S(r, w), dynamical
spin structure factor; +, angle; w, frequency. [Re-
printed from (32).]

04 squares are occupied, then along this
line the coordination of the CuO4 squares is
edge-sharing (Fig. iB). However, the super-
exchange path for two CuO4 squares shar-
ing an edge is very different and involves
primarily an intermediate state with two
holes on orthogonal orbitals on the same 0
ion. Hund's rule then favors parallel spin
alignment, and as a result, the Kanamori-
Goodenough rules give a weak ferromag-
netic coupling between Cu2" ions that are
edge-sharing.

Hiroi et al. (33) were the first to synthe-
size the family of layer compounds
Srn_ Cun+102n, which have arrays of par-
allel line defects (Fig. iB). Nearly ideal
ladder compounds should result (16): The
pattern of strong AF 1800 Cu-0-Cu bonds
makes a ladder, and the interladder coupling
is very weak both because of weak ferromag-
netic 900 Cu-0-Cu bonds and the resulting
frustration. The first member (n = 3 or
SrCu203) has 2-leg ladders, the second (n =
5 or Sr2Cu305) has 3-leg ladders, and so on.

Magnetic susceptibility measurements of
the 2-leg and 3-leg ladder compounds (34)
(Fig. 4, B and C) reveal striking differences
between the two compounds. A spin gap is
indicated by a precipitous drop in x(T) for
T < 300 K in the 2-leg compound. A fit to
the low-temperature form x(T) - T-112
exp(-Aspin/T) yields Aspln = 420 K (34).
This compound should have exchange con-
stants close to the isotropic limit J = J'
1300 K, so that theory predicts a larger
value for an isolated ladder Mh,e,ry - 650 K.
However, in SrCu203 there is substantial
exchange coupling Jc along the c axis. This
should lower /spin and may account for
most of the discrepancy. However, NMR
investigations (34, 35) showed not only the
activated behavior in the relaxation rate
T`' at T < 300 K, as expected, but also an
activation energy (680 K) that was substan-
tially larger than the value deduced from
x(T). At present, the origin of the discrep-
ancy is unclear.

For the 3-leg ladder compound
Sr2Cu305, x(T) approaches a constant as T
-> 0 (34), as expected for the 1D AF
Heisenberg chain. Furthermore, muon spin
resonance measurements by Kojima et al.
(36) indicate a long-range ordered state
with Neel temperature TN = 52 K, which
we attribute to the interlayer coupling Jc
along the c axis. No sign of long-range
ordering was observed in the 2-leg com-
pound. These results confirm explicitly the
drastic difference between ladders with
even and odd numbers of legs.

Ladder structures occur also in other cup-
rates, for example, the family of compounds
La4+4nCu8+2nOI4+8n7 which, as special cas-
es, contain 4- and 5-leg ladder elements.
These are complex structures that contain
other Cu sites only weakly coupled to each
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other. These latter spins dominate x(T) be-
low room temperature. However, by exam-
ining the difference in x(T) between the
two compounds, Batlogg et al. (37) identi-
fied a substantial spin gap in a 4-leg com-
pound (lspin- 300 K). In these compounds,
only weak interladder coupling is expected,
and a value of Aspin- J/4 ( 325 K) is
predicted theoretically, which agrees quite
well with the experiment. Recently, Hiroi
and Takano (38) synthesized LaCuO2.5,
which contains 2-leg ladders weakly con-
nected in a 3D structure.

Hole Doping of Spin-1/2 Ladders

In general, it is difficult to dope transition
metal oxides and produce a highly conduct-
ing state, but the cuprates are exceptional
in this regard. Early reports of doped cuprate
ladder materials are starting to appear (38,
39). Apart from the realization of doped
ladders, their behavior is of interest to the-
orists because they are examples of unusual
Fermi liquids that can be carefully analyzed.
Hole doping of a cuprate introduces effec-
tive Cu3+ sites. This oxidation state also
favors square planar 0 coordination similar
to that with Cu2+ ions, and in this coordi-
nation, a S = 0 Cu3+ ion is formed, which
corresponds to a bound state of a S = 1/2
Cu2+ ion and a hole residing mainly on the
four surrounding 0 2p orbitals (Zhang-Rice
singlet) (40). Transfer of electrons between
nearest-neighbor sites allows a S = 1/2 Cu2+
and S = 0 Cu3+ ion to exchange positions.
The canonical model describing the motion
of the effective S = 0 Cu3+ ions in a back-
ground of Heisenberg coupled S = 1/2 Cu2+
ions is known as the t-J model (41).

The properties of a hole-doped single
chain have been studied in great detail. It is
an example of a Luttinger liquid, so called
to distinguish it from the Landau Fermi
liquid state that is ubiquitous for interacting
fermions at low temperatures in higher di-
mensions. The simple alternating AF spin
pattern of the parent insulator changes its
period to an incommensurate value that
depends on the doping. The exponent of
the power-law decay increases, but magnet-
ic correlations still dominate. The most
striking feature of Luttinger liquids is spin-
charge separation, whereby the charge and
spin parts of an added hole move at differ-
ent velocities and become spatially separat-
ed from each other (5). All of these prop-
erties are fascinating but do not give a sign
of impending superconductivity.

The 2-leg ladder starts from a very dif-
ferent parent state characterized by a spin
gap and exponentially decaying spin corre-
lations. A key question is how these features
evolve with doping. Mean-field studies (42)
found an increase in the gap upon doping,
but numerical studies of finite length lad-
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ders (6, 12, 17, 43) indicate a decrease.
Another detailed study (44) showed that it
was necessary to distinguish two different
types of magnetic excitations. Again, the
limit J' >> J is useful to gain intuition. As
remarked by Dagotto et al. (6), in this limit
holes form pairs on the same rung in a S =
0 and zero-momentum state to reduce the
cost in magnetic interactions. One type of
magnetic excitation is the promotion of a
singlet pair of spins spatially separated from
the hole pairs to form a S = 1 triplet; this
excitation evolves smoothly from the mag-
non discussed earlier in the undoped case.
However, a different type of spin excitation
is possible (44): It involves the separation of
the hole pair into a state with the holes on
two spatially separated rungs, each of which
then contains an unpaired spin. This exci-
tation still requires a finite energy so the
spin gap and the exponential decay of the
spin-spin correlations remain, but its ap-
pearance at a lower energy than the mag-
non mode leads to a discontinuity in the
spin gap upon doping. Because these exci-
tations require holes, their number vanishes
as the undoped insulator is approached.

The early calculations of Dagotto et al.
(6) supported a continuous evolution of the
doped system from the anisotropic limit J'
>> J, where strong pairing correlations sig-
naling superconductivity were observed,
down to the isotropic case J' = J. This
continuity is similar to the smooth connec-
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Fig. 6. (A) Resistivity versus temperature para-
metric with the Sr concentration x for
La1 xSrXCuO2.5. (B) Magnetic susceptibility ver-
sus temperature for the same compound shown
in (A). [Reprinted from (38).]

tion observed in the undoped Heisenberg
models. The mean-field calculations of Si-
grist et al. (42) were in agreement and
suggest that holes were paired in a state of
approximate d-wave symmetry, although
the lack of rotational invariance of the
lattice prevents an exact symmetry classifi-
cation. Calculations (45) confirmed that
this "d-wave" paired state for holes persists
down to the limit J' = J (46, 47). The size
of the hole pair is now larger than a single
rung, but they are spread only over a few
lattice spacings. The excitation spectrum of
the doped 2-leg ladder contrasts with the
Luttinger liquid in that the low-energy sec-
tor of the ladder contains only the collec-
tive sound mode of the bosonic liquid of
hole pairs and a finite energy is needed to
make a triplet excitation. These features are
similar to the case of attractive fermions in
a single chain (48), rather than the repul-
sive case, the Luttinger liquid. Another in-
teresting aspect of lightly doped 2-leg lad-
ders is the way in which they combine
features of lightly doped insulators with
those of metals with large Fermi surfaces.
The former behavior dominates in the en-
ergy dependence of the spectral function to
add electrons, but metallic behavior appears
in the momentum dependence of added
quasi-particles (26, 45, 49, 50).

Binding pairs of holes gives them a
bosonic character, which in turn is a neces-
sary step on the way to superconductivity.
However, this alone does not suffice because
a ground state with a crystalline order of hole
pairs is also possible (6). Actually, in a quasi-
1D system like a ladder, true long-range or-
der will be prevented by quantum fluctua-
tions, but a power-law falloff will persist. In
the doped ladder, such a situation occurs
both in the channels corresponding to crys-
talline ordering of hole pairs and in those
with superfluid or a Bose condensation of
hole pairs. The balance between the two and
the question of which dominates by means of
a smaller exponent depends on the parame-
ters of the model and more generally on
residual interactions between hole pairs.
This is hard to predict accurately (45, 51).
The first experiments on La1 xSrXCuO2.5
(38), a doped 2-leg ladder system, showed
substantial decreases in the resistivity upon
doping and evidence of metallic behavior in
resistivity versus temperature at the highest
value of x = 0.2 (Fig. 6). There are signs that
the spin gap persists upon doping at least
initially, but there are no signs of supercon-
ductivity. More experiments will be needed
to determine if hole pairing exists and if the
disorder suppresses superconductivity. None-
theless, conceptually the relation of the
paired hole state of the doped 2-leg ladder to
the superconducting state of the planar cup-
rates is much closer than the relation to the
single chain or Luttinger liquid state.

Conclusions

The study of low-dimensional quantum an-
tiferromagnets has emerged as a central
problem in condensed matter physics since
the discovery of high-Tc superconductivity
in lightly doped cuprates with planar struc-
tures. Quantum effects are largest in a S =
1/2 system and with isotropic Heisenberg
coupling. A square lattice still has an or-
dered ground state, although with a sub-
stantial reduction of the sublattice magne-
tization as a result of quantum effects. In the
1 D analog, namely a Heisenberg S = 1/2
chain, the quantum effects overwhelm the
long-range order, but the ground state has
quasi-long-range order with a decay in the
spin-spin correlation function as an inverse
power in the separation, apart from loga-
rithmic corrections.

One might expect that a 2-leg ladder
should be intermediate between a chain
and a plane, thus the discovery that quan-
tum effects are much stronger in such a
ladder and lead to purely short-range order
with an exponential decay in spin-spin cor-
relations came as a great surprise. This re-
sult, first found in numerical simulations,
has been verified by a variety of techniques
and more importantly has experimental
confirmation in (VO)2P207, SrCu203, and
LaCuO25. This difference between a single
chain and 2-leg ladder extends to all odd-
and even-leg ladders, and the difference can
be traced to the absence in even-leg ladders
of the topological term that appears in the
low-energy action of the single chain. This
term is also absent in integer spin chains,
which also display exponentially decaying
spin-spin correlations and a spin-gap.

The various families of high-T, supercon-
ductors all have a unique structural element,
namely CuO2 planes composed of a square
lattice of Cu ions separated by 0 ions. The
local coordination is characterized by CuO4
squares, which in tum are all comer sharing
in the CuO2 planes. The ladder cuprates
again have the same local CuO4 coordina-
tion, but the pattern of the CuO4 squares is
changed, which in turn changes the pattem
of magnetic exchange interactions. For ex-
ample, in Srn-_iCun+1O2n, line defects break
the plane into weakly coupled ladders. The
many ways of assembling CuO4 squares illus-
trates the richness of cuprate chemistry,
which is only now beginning to be explored,
and various possibilities for novel quantum
ground states remain to be studied.

The cuprates have another unique fea-
ture among transition metal oxides, namely
the possibility of hole doping without local-
ization to realize conducting materials. The
doped chain has been the paradigm of a
non-Landau Fermi liquid, and much atten-
tion has focused on the unique properties of
this quantum liquid, called a Luttinger liq-
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uid by Haldane, such as the complete sep-
aration of charge and spin sectors into two
excitation branches at low energy. The hole
doped 2-leg ladder is also essentially 1 D, but
now the properties are radically different.
The quantum liquids in lightly doped lad-
ders retain the spin gap, show hole-hole
pairing in approximate d.2_ 2 symmetry,
and although they are lightly doped insula-
tors, show features of a large Fermi surface
that is metal-like. Doped ladders are a fas-
cinating mixture of a dilute Fermi gas with
strong attractions and a concentrated Fermi
system with a large Fermi surface.

Returning to the high-Tc cuprates, we
see a paradox. The parent insulating anti-
ferromagnets show long-range order, which
represents a smooth evolution or crossover
from the properties of single chains but not
from 2-leg ladders. Lightly doped cuprates
by contrast show a spin gap and dX2_2 su-
perconductivity, properties we can imagine
evolving smoothly from the 2-leg ladders.
Although much remains to be done to un-
derstand how these features fit together, it
is clear that the study of ladders has given us
not only surprises but valuable new insights
into low-dimensional quantum systems and
a new impetus to broaden our horizons and
explore the rich solid-state chemistry of
cuprates and related materials.
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