How about the ground state wave function?

Remember: — ——
Vnim(, 0, ¢) = Rpi(r) Y,7(0, @)
Ru(r) = —p' e Pu(p)  up)y=plePup) P =KT
r’ R(r)=u(r)/r "/

n=1is the lowest energy (the most negative).
Sincen=j,. +1+1, then =0, j,..= 0. Then

Yrioo(r, @, ¢) = Rio(r)Y5 (0, ¢)

Rip(r) = 27/
with oY) =" because

the polynomial has only a Yg(G. o) = 1/V4n
constant c,.




We then normalize, which means we fix the value of ¢, :
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The very final result (celestial music ...) is:
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Yio(r, 0, @) =
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which, amazingly, is remarkably simple.



Consider now the excited states, starting with n=2:

- Because n = j,,, + 1 +1, then n=2
—13 max /
Ey = — 0V allows for /=0, j,..= 1 or I=1(m=-
N 1,0,+1), j,..= 0. This will be the 2s
— —34¢eV and three 2p's orbitals. Degeneracy

4 (in general, degeneracy is n2).

(1) If =0, jnax= 1, then ¢jpaxi=¢2=0.

Use ¢; = [2(j + I +1 -n) /(j+1)(j+22)] co with n=2, j=0 (because ¢,
means j=0) and /=0, and you get ¢; = - ¢, so the polynomial
becomes Wp)=c,(1-p) with c,again used to normalize.
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Rao(r) 2a 2a ’

YQ(6. ) = 1/4/4m

The factors 2 arise from p = (1/an)r with n=2.



(2) If I=1, j,. .~ O, you get Cjnax1=€; = 0 S0 the polynomial
is only cpas it happens in the ground state.

1
Use the general formula R, () = —p' e v (p)
with /=1 and n=2. r’

Ro(r) = —2re"2a | p=(l/an)
4a” with n=2

The front factor comes from p¢/r = (r/2a)?/r.

. . 0_ __3_. /2 . 0
The spherical harmonics are: | Y1 =\zz ) ¢os
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In general, the polynomials v(p) are called
associated Laguerre polynomials

v(p) = LZH”1 ~1(2p) p=(1/an) r

and there are tables with these polynomials.

Putting all together, for arbitrary (n,/,m) the
nhormalized wave functions are:

' (n—1—1)! —r/na 2y 2041 ~Nvmgg s
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Ry (r)




Ryg=2a"32 exp(-ria)

R5p = A 3 (1 - % % ) exp (—r/2a)

Ry =L 327 oxn (—1/2a)
2= 757 il )

_ 2 apf{_2r _2_(_')'2) o (—
Ryg=—2—a (1 ot 55 (L)) exp (=r3a)

_1 —312( 3 LY L
Ry Za .:1- 4a+'8 p 192 ) exp. (—+4a)

Ry = \B @"_3’2 (1 . ;P + Lt (L)z) Eéx.p (—rida)

s (1) () e et

_F Only |1=0 are
nonzero at the

center r=0,
as in the
spherical well.

3 nodes
2 nodes
1 nodes

O nodes



Ground state n=1 /=0;
exponentially suppressed
at r~a; O node

Ryg=2a""* exp(-rla)

1 | Excited state n=2 I=0;
(_1 -5 =)D (24 exponentially suppressed
at r~2a; 1 node.

Ry = _8_ 32 (] - % é )(ﬁ) exp (—r/3a)

Excited state n=3 I=1;
exponentially suppressed
at r~3a; 1 node.




Rfr)

Y06, ¢) = 1//4n
2s orbital
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3p, orbital
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