How about the ground state wave function?

Remember: — ———
Vnim(, 0, ¢) = Rpi(r) Y,7(0, @)

._ | _
Ry(r) = =p' e u(p)  ulp)=p""'e Pu(p) p=KFr

r R(r)=u(r)/r. "/

We start with n=1, the lowest energy (i.e. the most
negative). Since n = j, .. + 1 +1, then I=0, j, .= 0. Then

Yrioo(r, @, ¢) = Rio(r)Y5 (0, ¢)

Rio(r) = e/
with oY) =" because

the polynomial has only a Yg(G. o) = 1/V4n
constant c,.




We then normalize, which means we fix the value of ¢;:

0 2 o0
Co 9 ’ y U
/ Rio|*r¥dr = | ,' f e 1t dr = |c,-0_|='3Z =1

The very final result for the ground state of an
electron in a H atom is:
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Yio(r, 0, @) =

Vv T a-

which, amazingly, is remarkably simple.



Consider now the excited states, starting with n=2:

_136ev  Becausen=j... +1+1 then n=2 allows for
— 4 1=0, jnax= 1 or I=1 (m=1,0,-1), jna= 0. Thus,

degenemcy IS 4 (in general, degeneracy is n?).

— 34 eV This will be the 2s and three 2p's

orbitals.

Er =

(2) If I=0, jpnax= 1, then ¢jpqi=¢5=0.

Use ¢; = [2(j + I +1 -n) /(j+1)(j+22)] co with n=2, j=0 (because ¢,
means j=0) and /=0, and you get ¢; = - ¢, so the polynomial
becomes Wp)=c,(1-p) with c,again used to normalize.

: o . ¥ —#/2a
R =_(1_..__._)_._ /
Rao(r) 2a 2a ’

Yy (6. 9) = 1/+/4n

The factors 2 arise from p = (1/an)r with n=2.



(3) If /=1, j, .= O, you get ¢ o.1=C; = O so the polynomial
is only ¢, as for the ground state.

1
Use the general formula R, () = —p' e v (p)
with /=1 and n=2. r’

Ro(r) = —2rer/2a | p=(l/an)
4a” with n=2

The front factor comes from p¢/r = (r/2a)?/r.

. . 0_ __3_. /2 . 0
The spherical harmonics are: | Y1’ =\zz ) ¢os

_ \ 172, -
v =% (2= )" sin et




Visually: the familiar levels of the H-atom
arise from playing with /and j, .,

g/
: /I =2, Jmax =0, deg 5

=0, Jmax =2, 7"

deg 1 \ =L Jmax =1, deg 3
=0, jmax =1, / I=1, jmax =0, deg 3
deg 1

Schrodlnger

=0 [=1 \I=2

1=0, J,.x =0 (ground state), deg 1



In general, the polynomials v(p) are called
associated Laguerre polynomials

v(p) = LZH”1 ~1(2p) p=(1/an) r

and there are tables with these polynomials.

Putting all together, for arbitrary (n,/,m) the
normalized wave functions are:

' (n—1—1)! —r/na 2y 2041 ~Nvmgg s
bernlm = \/(na) 2n[(n + Z)']3 / (E) I:L;Z_—i}l_l (Zr/na)] YZI (¢, ¢)

Ry (r)




Ryg=2a"2 exp(-rla)

Ryp = 1 o (1 - % % ) exp (—r/2a)

V2
Ry =——a32 L exp (—112a
2= 757 p( )
_2 g _2r z(_-)-z) <p (=
Ryg=—2—a (1 ot 55 (L)) exp (=r3a)

_1 —312( 3 LY LY ep
Ry Zcz .:1- 4a+'8 p 192 a). exp. (—+4a)

Ry = :__\B a2 (1 4 ;P + it (L)z) ééx.p (—rlder)

1 anf _i_’f_)(ﬁ)z i i
Ry 64\(5a (1 755 )\ ) exp (—/4a)

_F Only =0 are
nonzero at the

center r=0,

as it happened
in the
spherical well.

3 nodes
2 nodes
1 nodes

O nodes



Ground state n=1 /=0;
exponentially suppressed
at r~a; O node

Ryg=2a""* exp(-rla)

. | Excited state n=2 I=0;
> E.) exp (-r124) | exponentially suppressed
at r~2a; 1 node.

Ryy= 8 _ (1 — )( ) exp (—r/3a)

Excited state n=3 I=1;
exponentially suppressed at
r~3a; 1 node; cancels at r=0.




Rfr)

Y06, ¢) = 1//4n
2s orbital

|R31(r')|2 |y10|2

(3,7,

3 \IN
0_{2 ,
Yl _(41:) cos @

3p, orbital



3s orbital, 2 nodes inside

Wagol® _ \Wso0l

Waoal

2s orbital
1 node inside

AL
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3p, or'bi’rdl; 1 node inside

5 _
W10l N

w210l Waril?
2p, orbital Y =
O nodes inside 4 =+ =
Wz I‘Fazclz'_ 3 Yaps*
sy
orbital g2

3d;,,_., orbital,
O node inside

By linear combinations you
recover the canonical 3d

orb_i‘rals of textbooks

I
= il g
-10,1,2
- 3 >.<+| py)
=

235 linear combination
of canonical 3d
orbitals d,, and d,,
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And as usual, the wave functions are orthonormal:

f w:,?,-m "wﬂxz_fm-; '1‘2 Sll‘l O dr do d(}{) — ‘Ssz 53‘1"5mm’

(S I
Because of Because of
radial spherical

equation. harmonics.
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