2.5.1 Bound vs scattering states

In V(x) below, with any E < V(+-infinity), classically the particle
oscillates back and forth. Cannot escape. Any E is good.
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Classical turning points

In QM, however, E is discrete (index n) and ¥ is normalizable.
Particle still cannot escape because ¥ > +- infinite.



Here, E is a "scattering
state” both in QM and
Vix ) y classically, because

0 RAAAASAAL BV infinity).

In both, E is continuous.
. In QM, solutions are not

normalizable, but wave
packets save the day.
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Students must develop the ability to sketch the wave
function even without solving the problem (most
problems cannot be solved exactly). Remember Test 1.
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Scattering states exist
— both in QM and classically,

'\ for this E and V(x).

In QM, there is a small penetration
beyond classical point.

X
Classical turning point/

Classically this E can
be either bound or
scattering state
depending on initial
location at t=0.
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In QM, it is only one
scattering state.
Particle can escape to
the left!

Reason: tunneling.

Classical turning points
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2.5.2 The delta function well (or potential)

8(x)
The Dirac delta function ﬁ
represents a localized

heavy object like a neutron
that electrons may collide with.
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The Dirac delta function can be positive
(repulsive, as shown) or negative (attractive).



Consider a potential V(x) = —ad(x) (a>0) The Sch. Eq. is:

X

R d*y
2m dx?

aS(x)Y = E
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Because potential at +- infinity is O, this
potential can have both bound (E<O) and
scattering (E>0) states.

If x is nonzero, and E<O to explore bound states, the
Sch. Eq. is "almost” the same as for free particle:
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Sign difference with free particle
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Because k>0, then the general solution is:

V(x) = Ae " 4+ Bt Check

For x<0, A=O otherwise diverges. ',U(.Y) = B
(x <0)

For x>0, similar reasoning leads to:  y(x) = Fe™**
(x > 0)
By continuity at x=0, then B=F.

y(x)

We have the shape
of W(x) but not E
yet, plus we have
not used a.
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How do we find E? In dealing with &-
functions, often we need to integrate
near the 3-function. Use this “trick” for
Sch. Eq., send epsilon -> 0 at the end.

-2 +e g2 +e e
[ haxs [ vewmdr=E [ yeods

Com J_. dx? —€ —€
-2 ' | ' | |
_h (dlff _dy ) - o y(0) O because ¥
2m \dx |, dx|_, | ! continuous
! B (=)

Easy, since I have
¥ already.



dyr/dx = —Bke™ . for (x > 0). sody/dx|, =—Bk,
dyr/dx = +Bke™, for (x <0), so dgb/drl = + B«.

T .
hen, integrated 7 ( Z,B{K) _ 05,3/ - 0
Sch. Eq. becomes n
\ v—=2mE
Note: B cancels and ¢ does not appear. o= —
B2k’ ma>
E = = 5
2n 2h-

(1) B arises from normalization, left as exercise (check).
(2) Only because V(x) diverges, d¥/dx is discontinuous.
Otherwise it is continuous (i.e. second term, previous page, gives 0)



The (only) bound state and its energy is:

Y(x) =

v ma —me|x|/h2.
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