For the definition of Hermitian operators most books
require using two different functions f(x) and g(x). Steps
are the same as we did, ho worries. This more general form
is sometimes useful, as the practice exam will show.

(F10g) = (O flg)

~

If Q is NOT Hermitian, like d/dx, then the definition
of Hermitian of an operator (a.k.a. Hermitian conjugate,
or adjoint) is the operator (’j’f that satisfies:

Examp

(f108) = (O flg)

es: (d/dx) = <(d/dx), (i)' = -i (for a complex

number "dagger” is the same as “conjugation®),
(AB)'=BT A" see next.



PROBLEM 2, practice Test2, 2022: (a) Consider two arbitrary operators A and Bin
a Hilbert space. Consider now their product AB. Find the Hermitian of the
product i.e. find (TAB)JF, using twice the straightforward definition of Hermitian of
an operator, discussed in lecture Oct. 26 i.e. (f|Qg) = (QTflg)

<PIAB Y <R HBg> = <BTAS D
/Uwg Yb32d on (M&I>:<é+{;lﬁ> we conclude a@)+ i @‘l’ ﬁﬁ

(b) Consider the operator f)=i|5, where i is the imaginary unit and p the standard
momentum operator which you already know is Hermitian. Is the operator 0
Hermitian in a Hilbert space? Solve this problem by any procedure you wish. But you
cannot answer tersely just “yes” or “no”: need to justify in some logical manner your
answer.

(ip)=p"it=p () =-ip
No, the operator is not Hermitian due to the extra sign



Alternative solution of (b): What is the Her'mman

of ipi.e. (ip)f ?

i —+ﬁ—

(||3) =J \l»‘*ils‘l’d.t = +h[4’*g_ Wdx
X
r . ! Just using definition of operator ip
(W|IPW) and using ix(-i)=+1.

-0

dx

By parts

[Lv*d Wy = w*\p|_w [(d W gy

Thus, so far

=0 in ’rhe Hilbert space

(W

iDWYL +h | w*d @y
P W) / dx

This framed green
formula is the same
as used before to
show the momentum
is Hermitian.

—(+ 1) ( - f (d_‘l’)w‘:h)—[ (Ffd V) wdy ={¢pW | W)

Then: ‘(lp )= -ip

i.e. not Hermitian, but anti-Hermitian.



3.2.2 "Determinate” States

The "stationary states” of the H Hamiltonian, ¥,, have a
sharp energy E,,. Can we do the same for other operators Q?

Similarly as when we used to write Ifi‘Pngx)zEn‘Pn(x),
we define eigenfunctions of hermitian Q, f,(x), such

that A
Q f,(x) = q f,(x) [9-91.92.93, -]

"q" is just a number, called the eigenvalue of the operator Q.
The reason for the language is the similarity to a matrix
operation Ta=1ia (see Appendix A.5). There are many A = Ay, Ay, ...

Example: in Chapter 4 we will discuss eigenfunctions of the
angular momentum operator L, the "spin” S, efc.



Example: the momentum operator p.
First we need an eigenfunction f,(x) such that

eigenfunction
Eoper'a’ror'/' i@p( ) Ch@Ck for
Test?2!

“— eigenvalue

Solution is very easy (but £ (x) = 1 S /h

normalization is unusual T S h
/
because they are not 7
normalizable -> page 100): <f,(X)|f,(x)>=5(p-p’)

Given an arbitrary wave function ¥(x,t), if we
would time we would discuss the analog of ¢ = (/lf)

—ipxth
c(p) = (fpl¥) = e Py (x, 1y dx
V2 h
For continuous eigenvalues, c(p) \ \ *

ho longer “"a number from O to 1“. fp (x)



PROBLEM 4, practice Test2, 2022: Consider the wave function
y(x) = sin(mx/a) -i cos(mx/a)

(a) Prove that y(x) is an eigenfunction of the linear momentum operator.

(b) Provide the associated eigenvalue.

(a) The oqeo‘rar Ve —'Ch%} ;—'%\: /’Hn%
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(b)  Esppmvalun s Cﬁg__r)



There are many theorems for Hermitian operators, the
operators that matter for observables, that I will NOT prove:

(1) The eigenvalues g are real, like the energies E, were (see
page 98 for a 100% math proof). If you measure Q in any ¥(x,t), you
will get one of the g's.

(2) The eigenfunctions f,(x) for different ¢'s are
orthonormal -- some‘hmes using Kronecker delta, sometimes
Dirac delta -- like ¥, (x) for energies were.

(3) The eigenfunctions are complete, like ¥, (x)
for energies were.

Caveat: careful with degenerate states i.e.
those with the same eigenvalue q.



Generalized uncertainty principle. Proof in pages at
the end of Ch3 if you are interested in.

Assumes <.>isina

| 2 normalized to 1

2 2 Aoa state, and both

G40 = (E([A B]))* operators must be
Hermitian.

Example, if A = % and é = |; then [%. p]=ih

0',‘20'5 = (Zlh) = (E) OxOp = 5

It can also be trivial: if A = X and B = X2, then 6,0, =0
because they conmute
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