A A |
H = hw (a_a+ — 5)

Or, using the other order, A . 1
we get (left as exercise): H=hw|a+ra_ + 3

Theorem: if y satisfies l:{w: Evy,
then H(a,v)= (E + hw)(a,v)

A ~ A 1\ . nA A A 1.
H(aty) = ho (a.|.a_ + E) (a+y) = how (a_|_a_a+ + Ea.,.) s
Y S 1 n A 1
= sza+ (Cl_(l.|_ -|- 5) ‘(!)' = dy4 [ﬁa) ( a_a+—|—[ — 5) 1){/:|
= a+(H + ho)y = a+(E + ho)y = (E + ho) @+ ¥).

If I know one solution, I know another solution ...
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Another theorem: if  satisfies /:fw: Evy,
then H(G.y)= (E - how)(a.v) (left as exercise)

a, is the raising 7
operator / “’27 If I am given
oy one solution, I

/ get infinite

Equally spaced 7 more.

energies! This is

why it works.
Not general: a_is the lowering
valid for operator

oscillators only.



However, there is a problem: i
the energy cannot continue

going down! ~
/
Theorem: E less than V(x) cannot happen

W d*y > 2m
2m dx? TV =EY — dx2  p? P/(l) B E];w
If this is >0 for all x, then wand
wo, WX d?y/dx? must have same sign.
d?y/dx?<Q
?3) s 2yl >0 Because the energy cannot
O, M 7%"“0 continue going down forever,
V "X the chain down must stop...

<0, d?y/dx?>0



Eventually once true ground state v, is reached, then
a_y, must be 0. We can use this condition to find v, .

1 d dyrg mao
h— + mwx = () > - = ——X
P/thw ( dx )’ Vo dx h Yo
' /
d ' |
T? = —1;_:3 xdx = Inyp= —-%xz + constant,




After normalization:
(left as exercise, use
Gaussian integrals in back
cover of book)

What is the energy E,?

”4 muw .2
lﬁo(x)=(i@) e”
T h \
Gaussian
function \
(even)
=0 — N
| !

‘ﬁw(&.l.c'i_ + 1/2),100 = Eo¥

!

H (Hamiltonian)

Then: Eg = Ehw

1

>0 as expected.
"Zero point energy”.

The harmonic oscillators
are never stilll



V() Equally spaced levels

E. =L fiw
\ [ 1
1".‘_] =%ﬁl‘l] En — n + - hw
\ [ 2
/ .!r’.-:;-r = Gl ﬁ' (i
‘ \ / Ey =3 ho .
Al=ho Ey =3 ho Solutions are
7 fo- Lho ~
SR (X)) = Ap(@s)" o (x)
Example 2.4: construct state 1 Brings down an x
| !
~ Aj d mo\'* w2
1(x) = Aya = (—h— —I-m.a)x) (—) e~ W
4 +¥o N 2hmw dx 1 hi

A mo\'"* [2me o 2 1
= A1 | — | xe e,
T h h \f\ R

Odd function




: ‘ V(x)
[E; =L ha
2 \ l } ﬁﬂ} lIIE
X X Ia Z ho

e Ly =2 ho

- E; =3 ho i ) 2
ll"r-] ! Ey=%ho ) lII'I

N !

classical
1 limits YEY )
‘N
Note: particle can be found Zero chance at the nodes.

outside the classical region



I't can be shown, following the textbook, that:

C'Al+lbn — \/}1 + 1 ¥+ U, = 1 ((}_Q"lﬂ()
) !
a_l,b'n — \/E’mb'n—l \i”—

Fide. e,
[ 10;; Yn dx = Oy
— 0

Orthonormal like we found
before for square well.



Example 2.5: find expectation value of V in
the nth state.

l p ] 2 oC % D
(V) = -i--mw“x" = jma’ Yy XY dx
—2C

It may be tempting to write y, as a Gaussian with some
polynomial in front. However, there is a simpler way.

From a+ = m (Fip + mwx) used before, deduce:

h

A A A . h"lw A el .
(ay +a-): p=i,/ (ap —a-)
2mw 2
2

A h A A A N A A
¥ = o (@) + (@4 60) + (@-a4) + @Y
2mw

——

- >



Creates y, , orthog to v,

-

(V) = f’f f vy [(&+)2 + (apa-) + (a—ay) + (a_)z] }p dx

Creates y,,, orthog to v,

c;'i'd/" =vn+ 1Y+,
E’—CA’+WH — a—V n+1vYn

a_ Y

— \/Ewn—l
= n+1 L:l_ Un+l — (n+ Dy

Vn —I—ll /"
aia—  a_a
| /
hw l / | ]
(V)_——(n-l—n—l—l)—-:2 ”+5 —
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