Section 11.5: The Adiabatic Approximation

"Sli-“

Classical analog: a pendulum with zero
friction oscillating in a plane. If abruptly
you shake the box, the pendulum will have a
complicated motion.

(¢

But if you "very slowly" rotate the A
box, the plane of oscillation will =],/
slowly rotate as well.

A very slow change in the boundary conditions of a problem
defines an "adiabatic” process.

Often there are two characteristic times competing. One is
internal, T;, like the period of the pendulum that depends on
gravity "g" and length of string "L". The other one is external,

T., related in this example to the speed of rotation of the box.

Adiabatic means T, >» T,.



In QM this is often used in describing oscillations of molecules. Like we
did for the H,* ion: we fixed R the distance between hydrogens and
solved the electron problem. The results depend on R of course. Then,
by making R=R(t) we could have found the frequencies of oscillations of
the atoms, precursor of finding “phonons” in crystals.

¥ = A[Yo(r)) + Yo(r2)] at R fixed
Solving the electronic problem

R first, and then addressing the
D oscillations in a fixed electronic
cloud is called the Born-

Oppenheimer approximation.
Same type of wave function PP PP

v = A[Yo(r)) + Yo(r2)]

simply at new R (*) More specifically, if the electron was
initially in the ground state, it remains in
R(T) the ground state that smoothly changes

its shape as R changes slowly. This uses
the Adiabatic Approximation !



In general: if the particle is initially at eigenstate

nth of initial H, then in an adiabatic problem it
remains in the eigenstate nth of the final H.

Now consider an
abrupt switch

from a to 2a.
A y'(x) Energy not 4 ¥/(x) Slow A y(x)
conserved
during
/\ evolution
|, | / , U
a 2a x 2a X a 2a X

Yl (x) = \/gsin (-Z—x)

Moreover, after the wall
abruptly is moved to 2a, the
energy is conserved in the
new problem. The electron
will never be 100% in the

ground state.

a
The initial wave
ol (x) = \/@sin %x) function is neither
a [ even nor odd, thus it
will have a nonzero

overlap with all the
eigenstates!

Definitely the wave function y(t) will
NOT be w,(‘) _ \/ISln (1 )

X
a 2a



The adiabatic theorem is complicated to prove.
Specifically it says that in an adiabatic process the
eigenstates -- assumed discrete energy spectrum so that
you can follow each one -- evolve as:

W, (1) = et e Vall{yy (1

For example, consider the
square well again, with a wall w(t) = a 4+ vt
moving with constant velocity v.

A wix)

2 . /nmw
A Wn(x-f)——\/;sm(—l;x)
|

In addition, there are two phase factors, according to the theorem:
the dynamical and the geometrical (related to the Berry phase).



11.5.2: Start of proof of Adiabatic Theorem

First a reminder about the case H time independent.

— —iE,t/h
Hy,, = Ex¥n W, (1) = Ype """ /
Even with a time independent A “unnecessarily complicated"
Hamiltonian, for example a well way to write this phase is:
with fixed "a", the wave functions
pick up a phase as fime t grows 8,(1) — _% /’ E,di' — _LE, 1
1 JO h

Consider now a time dependent Hamiltonian. At each instant
of time “t" we can in principle solve the problem, but the
eigenfunctions are different for each time "t".

HM)yp(t) = E, () (1) (Yn DY (1)) = dnm



As explained in QM 411, at each instant of time "t" the time
dependent Sch Eq is satisfied using a linear combination with
properly chosen coefficients that now depend on time:

il’z%\y(r) =HNOWY@E) Y= ch(;)%(,)er‘&,u)

n

where the standard "dynamic phase” simply 6 (1) — ! /: b e
"accumulates” between different times: n(t) =—2 | En

But there is a second phase (explained in Griffiths second
edition but not in third): the "geometric phase” already
mentioned. Differences of this geometrical phase are the Berry
phase much discussed in condensed matter physics at present.



Z A

Example 11.4. Consider an electron static
at origin of coordinates in a magnetic field
with constant magnitude B, but with
direction rotating forming a cone, at
angular velocity © and angle o :

<y

B(t) = By[sin a cos(wt)! 4 sina sin(wt)j + cos alz]

The Hamiltonian is a 2x2 matrix involving the Pauli matrices:

hB
Hi)=SB.§= 220
" 2m

hw) { cosa e '“sina 5
= — i - . e By
2 \e%sineg —cosa with o) = —

[sin & cos(wt)oy + sina sin(wt)oy + cos oo ]



This problem can be solved exactly, being just a 2x2
matrix. The eigenspinors and energies are:

—iwl o Ei =+t —
a8 = ( cos(a/2) ) (1) = (e snn(.a/Z)) 5

e’ sin(c/2) — cos(a/2)

IMPORTANT: these are solutions at a fixed time t, and they
represent spin up and down along the instantaneous direction
of B which is changing orientation with time.

Suppose the electron starts "up” along the direction

of the field B at time t=0 (0) — cos(a/2)
XV = sin(a/2)

The question is: can the electron follow the magnetic field
as it rotates in the cone, keeping the "up” orientation?



This problem can be solved exactly at any arbitrary time "t".
It can be shown that the following spinor is the solution:

[cos(ﬂu/Z) —i i‘i’l{—“’) sin(At /2)] cos(a/2)e” w12
X)) = AE\/&)2+&):1"—2CUC!)]COS(X

[cos(lt /2) — iLE D) Ginar /2)] sin(ar/2)e+Hio!/2

Expressed in terms of _ [ (M) (@] —wcosa) (M)] —iwt )2
) x({)=|cos{— ) —1i sin{ — ) |e X+ (1)
the up and down basis 2 A 2 *
(you will do it in HW10) iy [% S (Ju)] SO, ()

along the B direction: 2

Then the projection of the exact result along the "up” and "down"”
instantaneous directions can be obtained (HW10). For "down” is:

, w STANE This result is EXACT at
Kx (D x-)]" = I:I sin¢ sin (—2—)] any time and any rotation
angular velocity.




Having an exact solution is ideal to study the adiabatic approximation!

It is important to identify the external and internal characteristic times:

T, = 1/w Ii = h/(Ex — E-) = 1/w

. fiw
B(t) = By[sina cos(wt)i + sin« sin(wr) j + cos ak] E,L == it} W) = ﬂ

m

The adiabatic approximation is when T, >> T, , namely o <« o;.

2 At 2
|(X(f)|X—(f))|2 = [9 sin ¢ sin (E)] = il sina sin | — — 0
A 2 W] 2

(6))]
If — —= 0 then AE\/w2+w%—2wa)1cosa —> W]

w1

In the adiabatic limit the magnetic field
leads the electron "by its nose" to rotate its
orientation all the time pointing along B(*).
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2
X Ol ()P = [—‘f sina sin (%)]

2
A o]

Y

2rn/ i 4mt/h 6r/A 8n/A

In exact solution, the probability of "down spin” will not
be zero. It will oscillate. But weight is regulated by w/X.
Thus, in adiabatic limit the amplitude will be minuscule.
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The new edition of Griffiths does NOT explain the origin
of the geometrical phase. Below, for those interested, is
the proof from the second edition. From here down, this
portion is NOT part of the TEST 3.
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As explained in QM 411, at each instant of time "t" the time
dependent Sch Eq is satisfied using a linear combination with
properly chosen coefficients that now depend on time:

il’zaikll(r) = HNOW (1) V(1) = ch(;)%(,)ewﬂ(z)
[

n

where the standard "dynamic phase” simply 1 -
"accumulates” between different times: O, (1) — - /0 E,(t") dt

But there is a second phase (explained in Griffiths second
edition but not in third): the "geometric phase”.

Placing w() =" ey ne®® into in— i ~w(n = Hnw () we obtain a diff eq
for c,(t) like we did before for c, ‘r) and ¢, (1) studying emission:

. , o 9
ih Z [an:r T Cp ijn +icy n 6’! ! Z‘*Wel !
n

because n

0 ! 1
—6,0) =_L — | Extthat' =_2 Ey,(t
ar 6; (’) P 8, 0 ! t P H()

13



Then we simplified from four terms to just two:

. 16, __ IR/
E Chfpe " = — E CpYpe ™
n

n

Consider the inner product with <y, | and use orthonormality at time t:
Note time

M
derivative
E Lnfsmne - — E Cn Wmhpn

n

ém (t) = — Z Cn (-wm | ‘1//!1 )e’ (G —6n)

n

The sum over n contains both n=m and nzm.

nzm can be neglected under the adiabatic condition
as shown in next page (optional, read if interested,
otherwise move to the following page).
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OPTIONAL .
PAGE H(t)Yp(t) = Ey(t)Yn(t)
Huf" + H% — En wn + En'ﬂlfn

Again consider the inner product with <y, |:

<Wm|H|'Wn) + (WmlHl‘Ln) - .yg{m + En(Wml'Sb'n)

Use Hermiticity of H (that we learn in Ch 3) and assume nzm.

(¢m|H|1bn) — Em(WmW"’n)

(Wm'len) = (E, — Em)(wmwfn)

Only now we use the adiabatic condition and declare that this term
has to be very small because it involves a time derivative of H.

Since nzm then (¥, |¥,) has to be ~zero for nzm. y



Then, using the proof in the previous page, in the equation two pages
back we can drop all terms with nzm.

C.‘m (t) - - Z C'n(¢:;-x|lffrz)¢'-’fw”_9”') _> (.."" (r) —_ '_'C}n (W}n l‘b‘}!l)

n
‘%

f
N | ! N — /
C!H (f) — C!H (O)e'}fm( ) Y (1) = IfO (Wm (')

d / /
a_t,w;n (1 )> dt

this phase factor is called the "geometric phase”

Assume electron is in state "n" at time t=0:
¢, (0) =1 cn(0) =0

The solution tells us that all coefficients with nzm remain O while the
coefficient "n" acquires a phase factor. Thus, overall the full wave
function picks up a "dynamical phase” and a "geometrical phase":

Wy (1) = ™!y (1)
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