2

a—>b .
_ = prob. of getting —#H/2 = (1/2)|(—1 + i)//6]2 = 1/6
.\/2‘ Pre ifosxgii megsured/ (172N /6l /

prob. of getting +n/2 or —h/2  Tndeed 5/6 + 1/6 =1.
if S, is measured has to be 1.

What is the "expectation value” of S, ? I.e. what is <S,>?

5 'ﬂ-" LIy
6\ 2) 6\ 2/ 3

Petite challenge for yourself. What is <S,>? How
about <S,>? T want this to be an opportunity for
students to interact.



Alternatively, you get the Check last

R0 1 same <S,»>= /3 as follows: step!
. e, -
T : n 2/v6 —e.ct+ c

\ e

ey ote o (G=D 2N 0 m2\(A+i/VENT R
w=roe (U2 5) (8 ") (129!

/ \

horizontal spinor with each vertical spinor as
component conjugated ! originally given,
normalized to 1

Until you confirm these results by yourself, you will
NOT be sure you REALLY know how to deal with 2x2
matrices. 2



Side comment: The spin appears naturally from the Dirac
equation that links quantum mechanics and relativity.

Adapted from Wikipedia on Dirac equation:

(The Dirac eq.) provided a theoretical justification for the
Introduction of several component wave functions Iin
Pauli's phenomenological theory of spin (note: Pauli theory is
what we are doing); the wave functions in the Dirac theory are
spinors of four complex numbers, two of which resemble
the Pauli spinors in the non-relativistic limit, in contrast to
the Schrodinger equation which described wave functions
with only one complex value.



4.4.2 Electron in a magnetic field (page 172)

When an electron is at rest inside a n=vS

uniform magneTic field B, the Y = "gyromagnetic ratio”

. . . =-|le|/m for electrons
Hamiltonian can be shown to be: (facton 2 difference with

classical E&M calculation

H — —l_], . B — —'}/B » S due to relativity)

Repeating: A spinning Each little loop generates a little
charged object is made of magnetic field. They add up to a
little loops of current. net dipole magnetic moment.

This is “u".
total charge g ~

current
[”-__“'"“HHH dipole
% total mass m C . mament  Tf g<O, then
\ area\ current and
% S dipole invert;

e nand S are

EN995 Encyclopaedia Britanmica, Inc. antipar‘al Iel



Not in book: When a little loop of current is intfroduced
in a strong external magnetic field, the Lorentz force on
the moving charges generates a torque.

‘.;:::i?:‘,:'::ffru.\”\* pye The torque tries to align
TN T I I the dipole moment with B,
740N )\ and the energy is found to
be in E&M

Lorentz force
F~vxB



Suppose for simplicity that the field points along
the z-axisie. B = (O,O,I)BO. Then,

‘30h (1 O

& \

Change of notation to bold only to Eigenfunctions, or engenspmor;, are:
| 0
-0

emphasize 2x2 character. Optional
q For spin
V= —(vB:BEY/2 | : down, the
H (0) ) (]/ th)/ (0) energy E_

1
but recommended! / X+ = (0)
J changes

For spin up, this is sign.
energy eigenvalue E




The Hamiltonian is tfime independent because the

maghetic field is constant. Actually, all Hamiltonians we studied
in P411 were time independent.

If His time independent, then the general solution is a

linear combination of stationary states. In the square well
potential there were infinite number of states (Ch2 P411)

o0

W(x.t) = chwn(x)e—iﬁ',,r/)‘i

n=I

Focusing only on S=1/2, all much easier. Just two states!
The most general spinor is (page 173):

o By bt _ [ @€Y
X(@) = axye EHIE 4 py Bt/ _ (be“‘f-i’B!?f p




The values of "a” and "b" are

fixed by initial condition at  (0) — {a
t=0, as we did in Ch. 2 for A\) = b
the coefficients c,. |

We also need to normalize:  |a|2 + |5|2 =1

When we have 2 unknowns linked as in the
normalization condition, we can parametrize with

anangleas _ cos(a/2) b = sin(a/2)

because
|al2 + |6]|2 = cos?(a/2) + sin? (a/2) = 1

The factor 3 for the angle is only for future
conhvenience in next pages.



Then, we arrive to a simple formula:

x () = (COS(a/Z)_ef'yBO’/z )

sin(er/2)e ¥ Bot/2

Physical meaning of angle a? Let us repeat what we did
before in the example , - (Z) , but now for the spinor ina
magnetic field. K

(8x) = x (OTScx (1) = (cos(a/2)e VB2 | sin(a/2)e/7E0!/2)

B0 1\ [ cos(a/2)evBoi/2
XS\ 1 0 \sinfe/2Ye—i¥Bot/2
2 \1 0/ \sin(a/2)etrBot/2
= 5 siny cos(y Bot).
Make sure you verify this
calculation! Same for <S>

and <S,>, page 173.



Repeating for the other components:

A
(S) = x ()8 x (1) = 5 cosa

(S;x;} = —2— sin & C'O'S(}/B()T)

. A o
(Sy) =x()'Syx () = —5 sin ¢ sin(y Bor)

This is the same as a classical dipole oscillating

in a magnetic field. It is "precessing” ...
10
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