Example 3.4 book:

Consider a particle located in the (only) bound state of the
3-function potential. The wave function is:

mo _ 2
W(x, 1) = e mealx|/h ¢ iEt/h

V(x)

Typical question: what is the probability of measuring a
momentum greater than po = ma/fi 2 We need to calculate
|c(p)|? (see next page).

* Can you confirm that
the units are those of
momentum?



Reminder of previous lecture: )
eigenfunction of momentum operator p.
We need an eigenfunction f,(x) such that

= eigenfunction
p operator — Qw =(pYfp(x)
eigenvalue

Solution is very easy (but £,(x) =

eip.x‘/ﬁ
normalization is complicated):
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mo _ 2 .
W(x, 1) = ¢ maijx|/h ¢ iEt[h

Repeating: What is the probability of measuring
a momentum greater than py=ma/h ?
We need to calculate |c(p)|2.

1

c(p) = (fpl¥) = f e Py (x, Ndx =

V2rh
| . S \ 3/2 __iEt/k
— no e——zEt/l‘zf e—w:pdx'/he—wmcrlxl/h“ dx — E Py €

integral given



_ _ Integral given.
The final answer is: Answer must be

a number [0,1]

[Cicorzap = 2 [ —
c(p)lcdp = —p[ dp = 0.0908
Po P P ! PO (P2+P(2))2

Just a name: c(p), which can be function of 1 but not x,

is often called ®(p,t), the momentum space wave
function.

A similar problem could be formulated for the
harmonic oscillator involving Gaussians (problem
3.11, HW8) or the infinite square well involving
sines, etc., efc.



Uncertainty Pf'inCipIe (4 pages, prepare for impact)

The standard deviation for any operator is

03 = (A)— (AP = (V| A2|W) —(W[(A)A W) =

(W AT = 2(A)A +(A)A 1¥) =(W|(A = (A)]]¥)

If ¥ normalized to 1
le.<¥Y|¥>=1

For Hermitian operator this can be rewritten as:

A

For A: o

(A = (A)W|(A = (ADW) = (f|f) where
f=(A-(A)v

ForB: o2 =(gls)  g¢=(B - (B)U



Consider the Schwartz inequality:

oiog = (fIF)glg) > [{flg)I?
\ z

We use now the following property of complex numbers:

’ , [1 ?
z]> = [Re(2)]* + [Im(2)]? = [Im(z)]* = [E(z — z*)]

Consider z = (f|g)

- | 2
Then .. Ox03 > (Etmg) — (glf)])



2 2 (1 ’
Then (repeated) ... 0405 = (2—[(f|8) (glf)])

A is Hermitian

(flg) = NWW|(B — (B)W) = (W|(A — (A)(B — (B)W)

(
(W|AW) — (A)(W|BY) + (A)(B)(¥|¥)

(glf) = (BA)— (A)(B) Left as exercise

In summary: (flg) — (g|f) = (AB) — (BA) = <[2L1§]>
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Generalized uncertainty principle:

5
1 L 2 A .

2 2 ssumes<..>i1siha
0q0p = (Z([A B)) normalized to 1
| state, and both

operators
Hermitian.

As special case, if A=zXand B = p, then [%. p]=ih

1.\ [(h)° h
0:30’5 > (2_1'”?) = (E) OxOp = E

This was the last item of Ch. 3 for us




