Midterm Exam II
P571
November 14, 2013
SOLUTION:

Problem 1:

a) We need to write in tensor form the LHS and the RHS of [(A x B) x B].A = (A.B)? — A2B? and show that
they are equivalent.
The RHS in tensor form is given by:

A'B;AB; — A, A'B, BY, (1)
while the LHS in tensor form is given by:

eMme, A" BB, Ay, = €™ ¢, A" B*B,, Ay = (6,68, — 6™ 6%, ) A" B*B,, A, = (A" B*B,, A;, — A*B™B,,A;) =

A™B,,B*A, — A*A;,B™B,,. (2)

Since m and k are dummy indices in the last term of Eq.(2) we see that the result matches Eq.(1) proving the equality.

b) From Eq.(2) we see that the expression does not have any free indices and, thus, it is a tensor of rank 0.

k

¢) Now we need to consider how the tensor T' = ¢ Ime . A" B*B,, A, of rank 0, transforms from a system S to a

system S’. If A is a polar vector it transforms as

AT = ‘?Z A (3)
while
Al = %Aq. (4)
The axial vector B transforms as
B'* = |detM| g”; /y BY, (5)
while
B = |detM|§E%Bw. (6)

ekl and €, are axial tensors that transform like

ox'F 9zt da’™

Iklm no
= |detM | =—— ————¢"? 7
¢ de |8:v"8x0 dp (™)
and
Oxt Ox* Oxv
€lrs — |d€tM|WW%€tuv (8)

Then we find that

T = Mme) A"B Bl Al = |det M|*6";69,6° ;0" 16" o€ P €1y AV BY By Ay = |det M |*¢™™ ¢, 5, A BYB,, A, = |det M |*T.
(9)



We see that if |detM| = —1 then

T =T, (10)
indicating that T is a scalar.
d) T =0if A and B are parallel (or antiparallel) to each other because in that case cos@ = £1 and thus,
(A.B)? = A’B?, (11)
Problem 2:
a) The field strength tensor is given by
FoB = 92AP — 9P A, (12)
We know that 93 = (9o, V) then
0% = gaﬁ(aO, 6) = (807 _6) (13)
We know that
B B
A* = (®,A) = (—E,a", —7%2, 7%1,0). (14)

Since A% is independent of ¢t = x/c and x5 and A% = 0, and since F'*? is antisymmetric, we only need to calculate
three of its 16 components:

A"

FOl _ _61A0 _ % — _E07 (15)
F% = _924° = 04 _ 0 (16)
N - 022
and
0A? 9A' B B
12 _al42 g2 _ 947 04 Do Do _
F*“=0"A"-0°A EIs) + 92 > + 5 By. (17)
Then,
0 —FEy 0 0
E 0 —By 0
a3 0 0
F 0 By 0 0 (18)
0 0 0 0
b) Since in general
0 —-E, —E, —E,
E 0 —-B., B
af __ x z Y
F"=1g, B 0 -B | )

E. -B, B, 0

we see comparing Eq.(19) with Eq.(18) that E = (Ey,0,0) and B = (0,0, By)



c¢) Let’s write the Lorentz transformation by components:

2" = 5(2% — Bz’ — Boa® — Baa®), (20)
x/i_$i+(7—1)(ﬁ 1 3 2 3\a. _ Anin0 21
= 7 12 + o™ + B327) B — yB'a”, (21)
fori=1, 2, and 3. If v = (u, u,0) then 8= (%,%,0). Then the transformation takes the form:
2" = y[z? — %(xl + %)), (22)
—1
PSR (72 )(:1:1+x2)—~y%x0, (23)
—1
:1:’2:x2—|—(72 )(:1:1+x2)—~y%x0, (24)
23 = a3 (25)
Then,
—Yu —u
o't —vu (v (5D 0
Mr, =S = | e E 2 , 26
oV *Zu (V;l) (1;7) 0 (26)
0 0 0 1
d) We know that
Al = M2 AP, (27)
then
B
A® = —_~Eoz! + HTO(:EQ —zh) =9 (28)
c

A/lzﬂonl_@xz(l—l—”y)+&I1(”y—1) Y

- 2
2 2 2 2 (29)

p_ Y, 1 By ,(y=1) Bo ;(v+1)
A _CEO 5% 5 T =A (30)
AP =A% =0=A.. (31)

e) Notice that E! = F'29, thus we need to calculate F"20 knowing that F/* = 22222 paB. gince from Eq.(18) we
Y & 9z DaP

see that the only non-zero components of F*# are FO1 | F10  F12 and F?! then

F/20 B a$/2 6,@’0 o1 N ax/Q 6,@’0 10 N ax/Q ax/O 12 . 8$I2 ax/O
929 Ozt oxl 020 ort 0x? 0xr? ozt

F2, (32)



In terms of Ey, By, u, ¢ and 7y we obtain:

-1 U
= E —By. 33
v 5 0+WC 0 (33)

Problem 3:

a)

i) We see that all four charges are at the same distance r, from the origin given by r, = v2d. We also see that

04+ = m/4 for the two positive charges while 6, = 37/4 for the two negative charges. Finally the two charges
with positive y coordinate are located at ¢4+ = m/2 while the two charges with negative y coordinate are located at
¢q— = 31/2. Then the four locations in spherical coordinates become:
(0,d,d) — (V2d, 7. 5). (34)
T 3T

2
3T 3
i) We use the expansion in terms of spherical harmonics for —| that we found in class replacing r’ by the location

of each of the 4 charges found in (a-i) and using that @,
we obtain:

47r6 W for each charge. Using the superposition principle

7l T 37T 3r 7w 3 37w

o0 l
®(r,0,¢) = gz; Z ZHQH_lYlm(e o) *(4 2)+Yzm(4=7)— (o 5) = Y (50 (38)

where 7~ (rs) is the smaller (larger) between r and v/2d.

iii) Now we need to look at the explicit form of the Y}¥ (0, ¢) in Eq.(38). We know that

Yo (0.6) = \/ el 8 . Z§§Hm<cos 0)e=me. (39)

Then using Eq.(39), we find that

3Ty 3 g) . 3_7T3_7T)]_\/(21+1)(l—m)![m\g§ . \25 L

T T

[Ylfn(z, 5)4' ljn(Za CRARCAYED) =Y ( i (+m) P () =P (——)l(e7 2 et ).
(40)

We see that the sum of the two exponentials vanishes if m is odd. If m is even, i.e. m = 2s it takes the value 2 if s is

even and -2 if s is odd. We also know that the associated Legendre polynomials are even if [ + m is even and odd if

I+ m is odd. The factor in brackets with the sum of two associated Legendre polynomials will then vanish if [ +m is

even. If [ +m is odd it does not vanish. Since m is even then [ has to be odd, i.e. | = 25 + 1. This means that for



the non-vanishing terms the bracket can be replaced by 2P22j5 +1(§)' Thus we find that the non-vanishing terms are
of the form:

. T T . T 3T . 3w . 3r 3w s |43 +2)(2j+1—-2s R 2
5120 Y502 (0 ) Y000 D) ¥ O T = a1 \/ WD B e ().
(41)
Thus, only terms with [ odd and m even appear in the expansion. If [ = 25 4+ 1 and m = 2s since — < m <[ we find
that —25 < 2s < 25 and thus —j < s < j.

iv)Now we can write the potential in Eq.(38) as

4q . 23 ! —) (4j+3)(2j+1 2) 2 \/§
0,0) = E E Ps?  (—)Yo11.04(0,0), 42
T - Gt 2>7+2 45+ 3 47 (2]+1—|—2s). 2 1( 2 ) 2 1"2( ) ( )

where r~ (rs) is the smaller (larger) between r and v/2d.
b)

i) If d — 0 with gd = p with p a constant we see that all the charges will be located at a point. The total charge
of the array is zero but we expect it to have a dipole momentum pointing along the z-axis. Thus, I expect that the
potential will depend only on r and 6.

ii) To take the limit we need to consider the potential in Eq.(42) with r- = v/2d and r~ = 7 then

d_)o - Z Z \/_d 2J+1 - )S \/(4] + 3) (2] +1—2s ) p2s (?)}/2]’—}-1,25(97(]5) (43)

e R 4]+3 4 (25 +1+2s)" 2H!

we see that only the term with j = 0 will survive since for j = 0 we obtain limg—ogd = p while for j > 0 we see that
limg_oqd®+! = 0.

iii) Then we obtain that

tim #(r.0,0) = LO2L [ p Y2y, . 0) a2

€0 7”2

Since Y1 0(0, ¢) = @/ i-Pi(cosf) and P ( \f) = i we find that the potential is independent of ¢ and given by

O(r,0) =

pr2 Py (cos?). (45)

c)

i) The potential inside the spehere will depend on r and 6 because the problem has azimuthal symmetry.

ii) T propose

0) = ZAlrlPl(cos 0) +
1=0

pr2 Py (cosb). (46)



T used the principle of superposition to take into account the contribution of the point-like dipole at the origin. Then
I only have a set of coefficients A; for the positive powers of r that I will determine by using the boundary condition
that the potential is zero on the sphere surface, i.e., (r = a,d) = 0.

iii) Now I use the b.c. and solve for 4;. At r = a:

®(a,0) = iAlalPl(cos ) + P Py (cosf) = 0. (47)

2
TENQ
=0 0

Then, A; =0 for all [ # 1 and for [ = 1:

Then



