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Numerical calculations illustrate the effect of the sign of the next-nearest-neighbor hopping temthe
two-hole properties of thet’-J model. Working mainly on two-leg ladders, in thel.0<t'/t<1.0 regime, it
is shown that introducing’ in the t-J model is equivalent to effectively renormalizidgnamelyt’ negative
(positive is equivalent to an effectiveJ model with smallecbiggen J. This effect is present even at the level
of a 2X 2 plaquette toy model, and was observed also in calculations on small square clusters. Analyzing the
transition probabilities of a hole pair in the plaquette toy model, it is argued that the coherent propagation of
such hole pair is enhanced by a constructive interference between déath’ for t'>0. This interference is
destructive fort’ <0.
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One of the most important unsolved problems in theoret-
ical physics is the clarification of the nature of high- H=J2 (S-S—imn)— X tim(clen+He), (D)
temperature superconductors. A popular approach in this w "
context is the use of theJ model, with holes moving in an
antiferromagnetic(AF) spin background. In recent years,
mainly due to an increase in the sensitivity and resolution o

angle resolved photoemission sp(_ectroscdpRPES, it has ._the hole-doped cuprates. The density matrix renormalization
been shown .that extra.hole hoppings bgyond pgarest ”e'gé'rouplz (DMRG) and Lanczo¥ methods are used on ladders
bor (NN) are important in thé-J model, giving origin to the 504 small square clusters to study the Hamiltonian (Ex.
“extended” t-J model. For example, ARPES measurements  rjrst et us show that the dependence of hole-hole corre-
in SLCUO,Cl,," and their subsequent interpretatiohave  |ations with the sign oft’ can be crudely described as a
shown the importance of those extra hoppings to reproducgnormalization of the exchange interactidnin Fig. 1 is

the experimental results. Subsequent efforts have conceghown, through calculations on ladders and square clusters,
trated on the effect of the extra hoppings on various properthe dependence of the average distagde between two
ties of planar and ladder systems, such as stripe stabilityholes with the sign oft’. The result obtained is roughly
competition between pairing and strigespin-charge sepa- consistent with a renormalization dfy t’, in the sense that
ration in two dimension3 stripe formation mechanisfrspin  results fort’ negative(positive can be obtained by renor-
gap evolutior!, and current-current correlatioAsMost of  malizingJ to a smallerbigge effective value, leading to an
these papers have compared and contrasted the dependeim®ease(decreasgin (d). To show that binding energy and
of different properties of the extenddael model with the phase separatiofPS tendencies are both affected in a way
sign of the next-NN(NNN) hoppingt’. Currently it is well ~ consistent with this interpretation the dependence of the PS
established that a positivé enhances hole pairing and AF line with t" is shown in Fig. {c) (squares It can be ob-
correlations, while the opposite occurs for negative*®  served that’ negative(positive requires an increasgle-
Nevertheless, to the best of our knowledge, these previousreasg in the value ofJ needed for the holes to segregate
publications have not provided an intuitive mechanism thatdesegregajeif compared to thel value that leads to PS at
can explain why this happens, namely, for what reason ther =0. The circles display values dft andt’/t that result in

is an asymmetry between positive and negativeThis is  the holes having a binding energy #f0.5 (as the boundary
particularly puzzling considering the limit=0, since in the of the binding region that we can consider “robustThis

t’-J model the sign of’ is irrelevant!® binding energy line shows that at a fixed such as 0.4,

It is the purpose of this paper to provide a qualitativeincreasingt’ >0 leads to strong binding, with the opposite
explanation to this phenomenon, i.e., the sign’aisymme-  effect fort’ <0. As expected, this line approximately follows
try. Our main result is that a quantum interference betweethe behavior of the PS liné.Thus, the essence of the results
NN and NNN hoppings identified in the hole-pair propaga-in previous studie$’® showing pairing witht’>0, can be
tion was found to be constructivdestructive for t’ positive  reproduced on a small cluster with two holes. Note that in
(negative; this accounts for the observed dependence of thé&ig. 1, fort’/t~1, (d) reaches its minimum value and starts
hole-pair properties with the sign df. The t-t’-J model to increase. In the limit wheft’|/t>1 the hole-hole corre-
used here is defined as lations (and other properties of the modélecomeindepen-

wheret;, ist for NN, t’ for NNN, and zero otherwise. The
][est of the notation is standard. Comparison with ARPES
experiment$!! showed that’ <0 is physically relevant for
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i t’ can be qualitatively explained throughs renormaliza-

FIG. 1. (a) Exact diagonalizatiodED) results showing the de- tion, although it is not possible to achieve the same
pendence with' of the average distangel) between two holes on  degree of high accuracy as shown above in the charge sector.
a 2x8 ladder(squares and on a 20 sites tilted two-dimensional  The fact that the renormalization of the exchange interac-
cluster(circles. Periodic boundary condition®BC’s) are used in  tjgn by t’ is consistently observed on ladders and square
both casesJ/t=0.3 and —0.5<t'/t<1.0. The tendency of the = o|,sierg[compare result for 2 8 ladder and 20 sites cluster
holes to separate when a negativeas turned on can be observed. in Fig. 1(a)], and is observed for OBC's and PBGsompare
For t'>0, there is a tendency of the holes to form tighter pairs.result for 2>’< 10 PBC ladder with X 20 OBC ladder on Fig
However, in this last case, &5 keeps on increasing the holes will 1(b)], is an indication that this effect is associated with So.me

eventually tend to separate, showing a similar behavior tot'the
negative case. The inset shows a calculation(@f on a 2<2  local process and therefore could even be observable on a

plaquette with conclusions similar to those reached with the large? X2 plaquette with two holes. If this is correct then it
clusters(b) Same aga) except that now/t=0.5 on a 2< 10 ladder ~ should be possible, through a careful analysis of such toy
(ED) and the tilted cluster was substituted by &« 20 ladder model, to gain a better insight on the qualitative aspects of
(DMRG) with open boundary condition®©BC's). Again the inset  the physics associated with the signtof In the insets for
shows results ofd) on 2x2, but now forJ/t=0.5. (c) Phase  Fig. 1 is shown the dependence (@f) with t' on a 2x2
diagram J/t vs t'/t showing regions of pair binding and phase plaquette and the same trend found on ladders and square
separatior(defined through the divergence of the compressibility ¢|ysters is again reproduced. Also, the exact energy of the
The pair binding lineg(circles is defined by values ad/t andt'/t ground state for the plaquette with two holes is given by
that give a ro’bust binding energy efo.a ona2x8 Iaddgr. Notice Eop=-— %[(J+ 2t") + ’—2_(J+2t’) +32t], where the renormal-
e o e s e e aton f by 1 can be expicly seen. It s imporan:
(bigges valuels. ' rema.rk that in a reduced basis formed with spin S|_nglets on
' the sides and diagonals of the plaquette, the coefficients de-
scribing the ground state also dependedtbrthrough the
dentof the sign oft’.*° Therefore, the renormalization df ~ same expressionJ¢-2t’).
described above mainly occurs in the regierl.0<t’/t Encouraged by these results on th& 2 plaguette, one
=<1.0. can now try to understand qualitatively how the change of
It is important to note that it is not onlyd) that be-  sign in one hopping amplitude can change the binding prop-
haves in accordance with this simple scenario. To a surpriserties of a hole pair, a result that up to now is being re-
ing accuracy, hole-hole correlations for, ed.,negative in  phrased as a renormalizationbfTo make progress it has to
the t-t’-J model, match those of theJ model with an ef- be analyzed how this change of sign affects the dynamics of
fective (smalley J. To illustrate that, in Fig. 2 hole-hole cor- a hole pair. A hint in this direction is that foe= 0 this asym-
relations for a 2 8 ladder with two holes are calculated for metry in the properties of the model caused by the sigti of
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FIG. 3. (a) Second-order process that exchanges the positions of Vv
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same transition depicted i@). Both processes will have the same r u/ 1
amplitude ift’ =4t%/J>0 (see text This leads to a constructive 0 oom/' L L
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negative. 't

FIG. 4. Dependence with'/t of the pair-pair correlations at
vanishes, as implied above by the discussion of [thFt  distance 1 in a %10 ladder with two holes fod/t=0.5. The co-
>1 regime. Then, for the hole-pair properties to be affectecherent propagation of a hole pair located in a rung is shown to have
by the sign ott’ it is important to have the possibility of NN a dependence with'/t consistent with the scenario described in
t hoppings. Intuitively this resembles an interference of soméig. 3.
sort: the movement of a hole pair, through a combination of
both hoppings, may lead to a coherent propagation of th@nd the legs are numbered 1 and 2. The result shows
pair, for t' positive, or to its melting into independent that the coherent propagation of a hole pair located in

quasiparticled;*>for t’ negative'® To check this idea, in the & "UN9 is enhanced fot’ positive, while a rapid de-

. g L . .
plaguette toy model, one can calculate the probability of a1s observed far' negative, in agreement with the picture

- ) . described in the toy model and with previous calculatibhs.
transition from an initial state composed of a hole pair and a The physics of the’ >0 extended-J model resembles

spin singlet in oppo§|te sides of the pl_aquette, to a final stat(ra sults for the effective model discussed in Ref. 19,
where the hole pair and the spin singlet have exchange

e ' L2 X here holes were considered quasiparticles moving in a
;
placesl. Such a transition is depicted in Fig. 3, where(@ “perfect” antiferromagnetic background with hopping only
is shown the most probable second-order proces

- ; Within the same sublattice, and with an explicit NN attraction
(@ process with twd hoppings would be less probable be- 1, mimic AF mediated pairing. In fact, in Ref. 20 it was
cause the intermediate state would be an excited'$tated shown that gpositive t is needed to generatedg. 2 two-
in (b) is shown a third order processhe other three are pole hound state in the quasiparticle model of Ref. 19. As a
equivalent to the one discussetihe difference between pro- consequence, the regimetdt>0 of the extended-J model,
cessesa) and(b) resides in the fact that the latter needs onewith its strong AF correlations and pair coherent movement,
more virtual state than the former. As such state is exciteg likely mimicked by the simple toy model used in previous
(AE=J), and taking into account that there are three othefiterature!®2°
third-order processes with two NN hoppings and one NNN  Summarizing, here has been provided a qualitative
hopping, it can be shown that second- and third-order propicture to explain the dependence of hole pairing on the sign
cesses will have amplitudes proportionalttd and 4%'/J,  of the NNN hopping’ in thet-t’-J model. Through numeri-
respectively. This means thattif is positive(negative they  cal calculations on square clusters, but mainly on ladders,
will have the same £-shifted phase and their interference using ED and DMRG, it was established that negative
will be constructive(destructive. A similar reasoning can be (positive) effectively reducegincreases J. The variety of
applied to higher order processes, but it can be shown thafusters and boundary conditions where this effect was con-
they are less probable than the processes discussed abositently observed served as an indication of the locality of
given that they would pass by the same virtual state morghe process involved. This suggested the use of>a22
than once'® cluster with two holes as a guiding toy model. By solving
Through the mechanism described in Fig. 3, it isanalytically this cluster, theJ renormalization was
suggested that achieving coherency in the propagation ashown explicitly in the dependence of the ground-state en-
the hole pair depends on having the correct balance ofrgy with t’, and the behavior of hole-pair siz@) was
short-range processeél and 2 hoppings. Then, it  consistent with what was found on ladders and square clus-
should not be a surprise that the plaquette can display thirs. The fact that fot=0 the properties of the-t’-J
effect, as shown above. Nevertheless, it should be checkadodel are not dependent on the signt6fhas indicated
that such process also occurs oK 2 ladders. That this is that some sort of interference process betweaemnd
the case is shown in Fig. 4, where pair-field correlations at a’ should be responsible for the hole-pair dependenct .on
distance of one lattice spacing are calculated through ED oBy analyzing transition probability amplitudes in the
2x10 ladders with)/t=0.5 and(n)=0.9. The pair operator plaquette it was observed that indeed this is the case.
is defined as\;=c;j;Cjp; —Ci1,Ciz;, Wherei labels a rung A negative t’ interferes destructively with, causing a
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hole pair to have a tendency to split into two independentrgued that this qualitative explanation holds also for larger
quasiparticles. A positive’, on the other hand, by interfering systems.

constructively witht, preserves the integrity of the hole pair
while it propagates. This simple picture provides a better
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