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Motivated by the recently discovered high-Tc bilayer nickelate superconductor La3Ni2O7, we comprehensively
research a bilayer 2 × 2 × 2 cluster for different electronic densities n by using the Lanczos method. We also
employ the random-phase approximation to quantify the first magnetic instability with increasing Hubbard
coupling strength, also varying n. Based on the spin structure factor S(q), we have obtained a rich magnetic
phase diagram in the plane defined by n and U/W , at fixed Hund coupling, where U is the Hubbard strength
and W the bandwidth. We have observed numerous states, such as A-AFM, Stripes, G-AFM, and C-AFM. At
half-filling, n = 2 (two electrons per Ni site, corresponding to N = 16 electrons), the canonical superexchange
interaction leads to a robust G-AFM state (π, π, π ) with antiferromagnetic couplings both in-plane and between
layers. By increasing or decreasing electronic densities, ferromagnetic tendencies emerge from the “half-empty”
and “half-full” mechanisms, leading to many other interesting magnetic tendencies. In addition, the spin-spin
correlations become weaker both in the hole or electron doping regions compared with half-filling. At n = 1.5
(or N = 12), density corresponding to La3Ni2O7, we obtained the “Stripe 2” ground state (antiferromagnetic
coupling in one in-plane direction, ferromagnetic coupling in the other, and antiferromagnetic coupling along
the z axis) in the 2 × 2 × 2 cluster. In addition, we obtained a much stronger AFM coupling along the z axis than
the magnetic coupling in the xy plane. The random-phase approximation calculations with varying n give very
similar results as Lanczos, even though both techniques are based on quite different procedures. Additionally,
a state with q/π = (0.6, 0.6, 1) close to the E-phase wavevector is found in our RPA calculations by slightly
reducing the filling to n = 1.25, possibly responsible for the E-phase SDW recently observed in experiments.
Our predictions can be tested by chemically doping La3Ni2O7.

DOI: 10.1103/PhysRevB.110.195135

I. INTRODUCTION

Since the discovery of superconductivity in Sr-doped
infinite-layer NdNiO2 films [1], nickelates became the newest
member of the family of high-Tc superconductors [2–7],
following the copper- and iron-based families [8–11]. Very
recently, a record Tc ∼ 80 K superconductivity was reported
in bilayer La3Ni2O7 under pressure [12], opening a new
remarkable avenue for the study of unconventional supercon-
ductivity [13–39].

La3Ni2O7 has a bilayer NiO6 octahedron stacking layered
structure [40], belonging to the Ruddlesden-Popper perovskite
family, different from the NiO4 layered nickelates [1,2]. At
ambient pressure, La3Ni2O7 has an orthorhombic Amam (No.
63) atomic structure with an (a−-a−-c0) out-of-phase octahe-
dron tilting distortion around the [110] axis originating from
the high-symmetry I4/mmm phase [40]. By introducing hy-
drostatic pressure, a first-order phase transition from Amam
to Fmmm (No. 69) phases was obtained, fully suppressing
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the NiO6 octahedron tilting rotations around 10 GPa [see
Fig. 1(a)]. In this symmetric phase, superconductivity was
found in a broad pressure range from 14 to 43.5 GPa [12].
In addition, the tetragonal I4/mmm phase has also been
proposed to represent the high-pressure structure in both
theory [41] and experiments [42]. However, those two phases
provide basically the same physics [43] because the distortion
from I4/mmm to Fmmm is very small [44].

The early report of superconductivity under pressure was
based on a sharp drop and flat stage in resistance vs tem-
perature, found by using KBr as the pressure-transmitting
medium [12]. Moreover, a diamagnetic response in the sus-
ceptibility was reported, and those results were interpreted as
an indication of both zero resistance and Meissner effect [12],
suggesting a superconducting state. Zero resistance was later
confirmed by several studies [14,15,17]. Very recently, the
Meissner effect of the superconducting state was observed
in the ac magnetic susceptibility, with the superconducting
volume fraction up to 48% [45], suggesting bulk supercon-
ductivity, as opposed to initial suggestions of filamentary
superconductivity [46].

First-principles density functional theory (DFT) calcula-
tions suggest that La3Ni2O7 has a large charge-transfer gap
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FIG. 1. (a) Crystal structure of La3Ni2O7 in the Fmmm phase.
The three directions of nearest-neighbor hopping matrices are indi-
cated by tx , ty, and tz. Calculated (b) band structure and (c) Fermi
surface with average electronic filling n = 1.5 per site for the two-
orbital tight-binding model with the nearest-neighbor hopping along
the x, y, and z axis in the high-pressure phase.

between Ni’s 3d and O’s 2p orbitals and can be described as
a Ni two-orbital bilayer model [47,48]. Induced by canonical
“dimer” physics [48], the Ni d3z2−r2 orbital forms a bonding-
antibonding molecular-orbital state, while the dx2−y2 orbital
remains decoupled between layers. Because of the in-plane
hybridization between eg orbitals, the electronic occupation
of both orbitals are nonintegers [47,49]. In addition, the Fermi
surface of La3Ni2O7 under pressure consists of two electron
sheets (α and β), combinations of mixed eg orbitals, and a
hole pocket γ , made of the d3z2−r2 orbital [47,48]. This γ

pocket was not found in recent angle-resolved photoemis-
sion spectroscopy experiments for the nonsuperconducting
Amam phase of La3Ni2O7 [16]. The random-phase approxi-
mation (RPA) many-body calculations suggest that this γ hole
pocket, and its associated Fermi surface nesting, plays the
key role in mediating superconductivity in La3Ni2O7 [50]. In
addition, recent DFT calculations also found that the electron-
phonon coupling alone is not sufficient to obtain such high Tc

in La3Ni2O7 under pressure [51–53], but superconductivity
could be enhanced by combining the electron-phonon cou-
pling and electronic correlations [53].

Based on the two-orbital model described above, a s±-wave
pairing superconducting channel induced by spin fluctuations
was reported by several theoretical studies, caused by the
partial nesting of the Fermi surface in the high-pressure phase
of La3Ni2O7 [43,50,54–61]. Although the s±-wave pairing su-
perconducting channel was considered to be driven by strong
interlayer coupling, the dx2−y2 orbital also has robust contribu-
tions to the superconducting gap, comparable to those of the
d3z2−r2 orbital [50,62]. Alternative studies suggest a dominant
dx2−y2 -wave superconducting pairing channel arising from the
superconducting pairing state in the β sheet [63–65], driven
mostly by the intralayer coupling, where this β sheet is similar
to that in the optimally doped cuprate superconductor. In

addition, by introducing longer-range hoppings, the dxy sym-
metry pairing channel could also compete with the s±-wave
symmetry [66,67], also driven by the intralayer coupling. In
fact, the interplay between the intralayer and the interlayer
Cooper pairing was originally discussed by t–J models in
coupled plane or ladder geometries, finding that a strong
interlayer coupling leads to s-wave pairing, while strong in-
tralayer coupling would result in d-wave pairing [68].

In addition, La3Ni2O7 displays rich and complex density
wave behaviors of spin and charge, depending on the pressure
and temperature [69–73]. Early experiments involving resis-
tivity measurements reported a kink-like transition behavior
around 153 K at ambient pressure, suggesting the existence
of a spin-density wave (SDW) [73]. A recent muon-spin re-
laxation (μSR) experiment revealed the presence of SDW
in La3Ni2O7−δ without pressure [72,74]. Furthermore, a nu-
clear magnetic resonance (NMR) experiment also supports
the existence of SDW in La3Ni2O7 [75]. Neutron [71] and
resonant inelastic x-ray scattering [70] experiments arrive at
similar conclusions. However, because of the difficulty with
high-pressure experiments, the full evolution of the magnetic
properties of La3Ni2O7 under pressure is still unclear.

In this paper, using a Lanczos method, we systematically
studied a bilayer 2 × 2 × 2 cluster for several electronic den-
sities n [76]. We obtained a very rich magnetic phase diagram
varying n, involving the A-AFM, Stripe 2, G-AFM, and C-
AFM phases. At half-filling with number of electrons N = 16
(or density n = 2), because of the canonical superexchange
antiferromagnetic (AFM) interaction, the system displays a
robust G-AFM state with both AFM couplings in-plane and
between planes, in the bilayer geometry. By hole or electron
doping away from half-filling, ferromagnetic (FM) tenden-
cies start developing from the “half-empty” and “half-full”
mechanisms [77]. Thus, FM competes with AFM tendencies,
leading to a rich magnetic phase diagram. Furthermore, the
spin-spin correlations become weaker with increasing hole or
electron doping away from half-filling. At N = 12 (n = 1.5),
corresponding to the electronic density of Ni in La3Ni2O7,
we obtained a Stripe 2 ground state (AFM in one in-plane
direction and FM in the other, while AFM along the z axis) in
our 2 × 2 × 2 cluster calculations, in agreement with multiple
previous studies using other approximations. This agreement
suggests that our predictions for other densities (reachable
by doping La3Ni2O7) are robust. In addition, we also ob-
tained a much stronger AFM coupling along the z axis than
the magnetic coupling in the xy plane. Complementing our
Lanczos study, here we also employ the RPA varying the
density n, reporting the leading magnetic instability with in-
creasing Hubbard strength at several fixed densities. Overall,
there is very good qualitative agreement between Lanczos and
RPA, two very different approximations, again providing a
robust foundation to our conclusions.

II. METHODS

In this paper, we employed the standard multiorbital Hub-
bard model on a cube system (2 × 2 × 2), which refers to a
bilayer lattice of Ni, where each lattice point refers to a Ni
position in Fig. 1(a). Specifically, the Hamiltonian includes
a kinetic energy component and Coulomb interaction energy
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terms H = Hk + Hint. The tight-binding (TB) kinetic portion
is described as

Hk =
∑

<i, j>σγγ ′
tγ γ ′ (c†

iσγ c jσγ ′ + H.c.) +
∑
iγ σ

�γ niγ σ , (1)

where the first term represents the hopping of an electron from
orbital γ at site i to orbital γ ′ at site j. γ and γ ′ represent the
two different orbitals. The second term includes the crystal-
fields splitting terms.

The electronic interaction portion of the Hamiltonian is
(using standard notation)

Hint = U
∑

iγ

ni↑γ ni↓γ +
(

U ′ − JH

2

) ∑
i

γ<γ ′

niγ niγ ′

− 2JH

∑
i

γ<γ ′

Siγ · Siγ ′ + JH

∑
i

γ<γ ′

(P†
iγ Piγ ′ + H.c.). (2)

The first term is the intraorbital Hubbard repulsion. The sec-
ond term is the electronic repulsion between electrons at
different orbitals, where the standard relation U ′ = U − 2JH

is assumed because of rotational invariance. The third term
represents the Hund’s coupling between electrons occupying
the Ni’s 3d orbitals. The fourth term is the pair hopping
between different orbitals at the same site i, where Piγ =
ci↓γ ci↑γ .

To study the multiorbital Hubbard model, including quan-
tum fluctuations beyond mean-field approximations, the
many-body technique that we employed was the Lanczos
method, supplemented by the density matrix renormalization
group (DMRG) method [78,79]. In practice, we used the
SCS_Lanczos [80] and DMRG++ software packages [81].
For simplicity, for even electron numbers, the targeting up
(Nup) and down (Ndn) electrons are equal, corresponding to
Sz = 0 sector. While for odd electron numbers, the target-
ing Nup = Ndn + 1, corresponding to Sz = 1/2 sector. Both
open-boundary conditions (OBC) and periodic-boundary con-
ditions (PBC) were considered along the xy directions, while
along the z axis it was always OBC as in bilayers. Because of
the special structure of our cluster, the only difference in-plane
between PBC and OBC is that we doubled the values of the tx
and ty hoppings for the PBC case. One thousand Lanczos steps
and convergence criterium below 10−10 were set during our
Lanczos calculations. At several points in parameter space,
DMRG calculations were also used to confirm our Lanczos
results. We found that the results from Lanczos and DMRG
agree very well. During the DMRG calculation, at least 1200
states were kept and up to 21 sweeps were performed.

In the tight-binding term, we used the basis
{d3z2−r2 , dx2−y2 }, here referred to as γ = {0, 1},
respectively. For simplicity, we only considered the
nearest-neighbor-hopping matr ices along the three directions,
which are obtained from our previous first-principles study
for La3Ni2O7 under pressure by using the crystal structure in
Fig. 1(a) [48]. The three nearest-neighbor hopping matrices
are shown below:

t x
γ γ ′ =

[−0.115 0.240
0.240 −0.492

]
, (3)

t y
γ γ ′ =

[−0.115 −0.240
−0.240 −0.492

]
, (4)

t z
γ γ ′ =

[−0.644 0.000
0.00 0.000

]
. (5)

All the hopping matrix elements are given in eV units. �γ

is the crystal-field splitting of orbital γ . Specifically, �0 = 0,
�1 = 0.398 eV. The total kinetic energy bandwidth W is
3.936 eV.

III. RESULTS

A. TB results

Before discussing our Lanczos results, the calculated TB
electronic structures corresponding to La3Ni2O7 under pres-
sure are briefly reviewed here. The Fermi energy is obtained
by integrating the density of states for all ω until a number
of 1.5 electrons per Ni site is reached. Based on the obtained
Fermi energy, a 4001 × 4001 k mesh was used to calculate the
Fermi surface. The odd character of 4001 ensures that the 


point (0,0) is included in the grid used.
As shown in Fig. 1(b), the d3z2−r2 orbital displays the ex-

pected bonding-antibonding splitting, where the bonding state
band goes slightly above the Fermi level, resulting in a γ

hole pocket around the M point [see Fig. 1(c)]. In addition,
the Fermi surface also contains two electron sheets (α and β)
formed from a mixture of d3z2−r2 and dx2−y2 orbitals caused by
the in-plane hybridization of eg orbitals. These results are in
agreement with previous theoretical studies [47,48,56,59].

The electronic structure of the Amam phase without pres-
sure is quite similar to that of the high-pressure phase, but
note that the small hole pocket of bonding state d3z2−r2 is
absent [48] at 0 GPa, as discussed in previous theoreti-
cal papers [12,48]. This pocket was also not observed in
the angle-resolved photoemission spectroscopy experiment as
well [16]. In the Amam phase, the octahedron is strongly
distorted and tilted, leading to two different Ni-Ni bonds along
the in-plane x and y directions. Furthermore, in the Amam
phase, the dyz/xz orbitals are also hybridized with the eg or-
bitals, leading to an interorbital hopping between dyz/xz and
eg orbitals that cannot be ignored [48]. This hopping could
enhance the ferromagnetic (FM) tendency owing to the “half-
full” mechanism [77]. In this case, a two-orbital model maybe
not be enough for the Amam phase to study the magnetism
properties. Considering these points, the phase diagram of the
low-pressure Amam phase may be different from our present
results. However, this is a formidable task for Lanczos calcu-
lations because it requires increasing sizes and adding orbitals,
which is beyond our present capabilities. Note that, in the
present paper, our scope focuses on the high-pressure phase
that harbors superconductivity, without octahedral tilting, by
using a 2 × 2 × 2 cluster Lanczos calculations.

B. Phase diagrams

To obtain the magnetic phase diagram with different elec-
tronic densities and different electronic correlation strengths,
using the Lanczos method we calculated the spin structure
factor, which is defined as the Fourier transform of the spin-
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FIG. 2. Sketches of the observed magnetic structures for our 2 ×
2 × 2 system, including (a) FM, (b) C-AFM, (c) Stripe 1, (d) Stripe
1, (e) G-AFM, (f) A-AFM, (g) Stripe 2, and (h) Stripe 2, with the
S(q) peaks at q = (a) (0, 0, 0), (b) (π , π , 0), (c) (0, π , 0), (d) (π ,
0, 0), (e) (π , π , π ), (f) (0, 0, π ), (g) (0, π , π ), and (h) (π , 0, π ),
respectively. The arrows refer to spin up or spin down on each site
of Ni. For the readers benefit, the spin up and spin down are also
distinguished by different colors.

spin correlation function,

S(q) = 1

N

∑
i, j

〈Si · S j〉eiq·(ri−r j ), (6)

where Si is the spin at site i, ri is the position of site i, 〈Si · S j〉
is the average of real-space spin-spin correlation between sites
i and j, N is the total number of lattice sites, and q is the wave
vector.

We show all the magnetic structures observed for a 2 × 2 ×
2 system in Fig. 2, which includes FM, C-AFM, Stripe 1 (two
energy degenerate variations), G-AFM, A-AFM, Stripe 2 (two
energy degenerate variations), corresponding to the S(q) peak
at q= (0, 0, 0), (π , π , 0), (0, π , 0), (π , 0, 0), (π , π , π ), (0, 0,

π ), (0, π , π ), and (π , 0, π ), respectively. Because of rotational
symmetry, S(0, π, π ) [S(0, π, 0)] and S(π, 0, π ) [S(π, 0, 0)]
should be the same, which represents the Stripe 2 [1] phase.

Based on the measurements of the spin structure factor
S(q), we obtained the magnetic phase diagram for different
electron numbers N and electronic correlations U/W , at fixed
JH/U = 0.2 as in our previous studies [48]. Results are shown
in Fig. 3. Here, we considered the cases PBC and OBC. The
results are similar for the two boundary conditions. Several
interesting magnetic states emerge in the phase diagrams. At
the half-filling situation (N = 16), the G-AFM is dominant
in a robust manner for all values of U/W studied. By hole
or electron doping away from the half-filling N = 16 case,
the magnetic phases display a rich behavior because of the
multiorbital nature of the model. The states reached by doping
involve paramagnetism (PM), A-AFM, Stripe 2, C-AFM, and
Stripe 1. In addition, the spin-spin correlations also become
weaker in the hole or electronic doping regions, compared to
the half-filling N = 16 case. Note that there is a slight differ-
ence between the cases of PBC and OBC. This is because in
PBC, the tx/ty needs to be considered doubled in strength, as
already explained, but only once in OBC, leading to a stronger
AFM vs. FM competition in the xy plane in the PBC case.

For the benefit of the readers, in Fig. 4 we also show the
detailed spin structure factors S(q) for different spin states
vs N , all at U/W = 3. For N � 8 and �24, the S(q) is quite
weak without substantial differences in peak strengths among
different spin states, overall indicating PM. For other elec-
tronic densities, such N = 10, 12, 16, and 18, the peaks
of S(q) are located at q = (0, 0, π ), (0, π, π )/(π, 0, π ),
(π, π, π ), and (π, π, 0), corresponding to the A-AFM, Stripe
2, G-AFM, and C-AFM phases, respectively. By reproducing
the same analysis of U/W = 3 for other values of U/W , we
obtained the phase diagrams in Fig. 3.

C. Intuitive explanation of the phase diagram

Let us discuss now the intuitive explanation for the exis-
tence of the main phases at several key number of electrons

4 8 12 16 20 24 28

1

2

3

4

5

4 8 12 16 20 24 28

U
/W

N

(a)

FM C-AFM A-AFM G-AFM Stripe 1 Stripe 2
n n

0.5 1.0 1.5 2.0 2.5 3.0 3.5

N

(b)

PM PMPM PM

0.5 1.0 1.5 2.0 2.5 3.0 3.5

FIG. 3. Magnetic phase diagram of the small cluster studied here, varying U/W and N (n), at fixed JH/U = 0.2. N means the total number
of electrons for the 2 × 2 × 2 model while n means the average number of electrons per site. Different magnetic phases, including FM, C-AFM,
A-AFM, G-AFM, Stripe 1, and Stripe 2, are indicated by different points with different shapes and colors. The size of the points is proportional
to the strength of the spin structure factor S(q). For simplicity, the regions with S(q) � 2 are marked as PM by using a gray color [using the
number 2 as cutoff appears arbitrary, but for comparison the largest S(q) is ≈10 at U/W = 5, N = 16, and OBC]. (a) is using PBC while (b) is
using OBC.
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n
0.5 1.0 1.5 2.0 2.5 3.0 3.5

n
0.5 1.0 1.5 2.0 2.5 3.0 3.5

N

(b)

FIG. 4. The dominant spin structure factors for different spin states, as a function of different values of N (n) at U/W = 3 for the cases of
(a) PBC and (b) OBC.

N = 10, 12, 16, and 18. This can be understood by three main
coupling mechanisms [77,82,83], based on two-site second-
order perturbation theory: (1) half-empty FM coupling, (2)
half-half AFM coupling, and (3) half-full FM coupling. More
specifically, (1) suppose there is overlap between a half-filled
orbital (O1) and an empty orbital (O2), where O2 is Hund
coupled with other partially occupied orbitals (O3). Then,
the electron transfer between these half-filled and empty or-
bitals prefers to be parallel to the spin of O3, resulting in a
FM coupling. (2) If there is overlap between two half-filled
orbitals, then the electrons transfer between these orbitals
must be antiparallel because of the Pauli exclusion principle,
resulting in an AFM coupling. (3) If there is overlap between
the half-filled orbital (O1) and full orbital (O2), and O2 is
Hund coupled with other partially occupied orbitals (O3),
then the only electron transfer possible is from O2 to O1
and back. The spin of the transfer electron in O2 must be
antiparallel to the spin in O3 and O1, resulting in atomically
FM coupling between O1 and O2+O3. Here, we also display
the sketches of intuitive explanations of these main phases
in Fig. 5. First, let us focus on the z direction, for N = 10,
12, and 16. Only the “half-half” AFM coupling mechanism
(standard superexchange) is responsible for those cases as dis-
played in Figs. 5(a)–5(c), thus the AFM coupling is obtained,
corresponding to the S(q) peak at π along the z direction.

By increasing N , because of more than two electrons per
two orbitals per site, the “half-full” FM coupling mechanism
starts influencing on the energy of the many phases. This in-
troduces competition between FM and AFM bonds at various
values of N , leading to the C-AFM phase at N = 18 (see, as
example, the detailed second-order perturbation theory analy-
sis in Appendix A).

Now let us analyze the situation for the xy plane. For
the half-filling N = 16 case, the canonical superexchange
half-half AFM coupling leads to a robust G-AFM order. Cor-
respondingly, the S(q) peak is at (π , π ) along the xy direction.
(1) In the hole doping region away from half-filling, the AFM
coupling caused by superexchange strongly competes with the
FM coupling caused by the “half-empty” mechanism [77],
leading to an in-plane stripe phase (AFM in one direction and
FM in the other), such as Stripe 2 at N = 12. At N = 10, the
FM tendency wins over AFM tendency in-plane, leading to
in-plane FM coupling (AFM along z axis as analyzed in the

previous paragraph), resulting in a global A-AFM phase. (2)
In the electron doping region away from half-filling, because
of the “half-half” mechanism [84] AFM coupling wins, re-
sulting at N = 18 in a C-AFM state (AFM coupling along the
xy plane and FM coupling along the z axis). Increasing N fur-
ther, the FM coupling caused by “half-full” mechanism starts
playing an important role, competing with AFM coupling
from “half-half” mechanism, resulting in the Stripe 1 phase
(AFM in-plane in one direction and FM in the other, while it
is FM along the z axis) for OBC, and A-AFM and C-AFM
phases for PBC at N = 22 [see Figs. 3(a) and 3(b)].

For the N = 12 case—with average electronic density n =
1.5 per site corresponding to La3Ni2O7 in our 2 × 2 × 2
cluster calculations—we obtained a Stripe 2 phase [with
wavevectors (π , 0, π ) or (0, π , π )], in agreement with pre-
vious theoretical studies using RPA [50,55]. This is quite
remarkable, namely studying a small system and solving it
exactly, gives very similar conclusions as RPA for the realistic
electronic density n = 1.5, with RPA study done by us and

x2-y2 (1)
3z2-r2 (0)

(c) N=16 (d) N=18

-0.644

-0.115

-0.492

(a) N=10 (b) N=12

-0.24

FIG. 5. Electronic configurations for some typical values of N ,
including (a) 10, (b) 12, (c) 16, and (d) 18. Here, the spin up and
down are marked by arrows and the different orbitals are distin-
guished by different colors.
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other groups. Note that RPA is based on a totally different
many-body technique, sum of an infinite subset of Feynman
diagrams as compared to solving exactly a small cluster.

Furthermore, we found that the AFM spin-spin correlations
along the z axis are much stronger than the spin-spin corre-
lations along the xy plane, which is in good agreement with
recent experiments [70,71]. For example, for the N = 12 case
with U/W = 3, JH/U = 0.2, 〈Si · S j〉 = −0.897 along z axis
while it is −0.054 along x and y direction. The reasons are
(1) the hoppings along z direction are larger than the ones in
xy plane, (2) because of the degeneracy of the (π , 0, π ) and
(0, π , π ) states, the xy plane nearest spin-spin correlations
have up-down, down-up, up-up, and down-down cases, so
they canceled out with each other.

It should be noticed that for the real samples of La3Ni2O7,
experiments found oxygen deficiencies [19], leading to “effec-
tively” varying the electronic density in the Ni site, away from
n = 1.5. Thus, the AFM coupling in between planes should be
very robust against oxygen deficiency. But along the in-plane
directions, we found a strong FM vs AFM competition even
just slightly varying the number of electrons (such as Stripe 2
at N = 12 and A-AFM at N = 13), suggesting that the oxygen
deficiency may seriously affect the magnetic coupling along
the in-plane directions in real samples.

Note that for a larger size system, unreachable using
Lanczos because of the exponential increase in the size of
the Hilbert space, the magnetic phase diagram could be even
richer owing to in-plane FM and AFM competition. Specif-
ically, because of these size limitations in clusters that can
be studied with Lanczos, we could not explore other complex
magnetic states, such as the E-AFM [85], CE-AFM [86],
and block states [87], as well as possible charge or spin
density wave states. In fact, very recent DFT calculations
suggested that the E-AFM ground state dominates at ambient
pressure [88–90]. Such a more complex structure as the E-
AFM phase cannot fit into our small cluster, thus we cannot
confirm or deny the existence of this state and other. Alterna-
tive (all approximate) many-body techniques, like unrestricted
Hartree-Fock [91–93] will be needed to address this issue. The
E-phase notation, widely used in manganites, is often referred
to as double-stripe in nickelates.

In summary, in spite of their limitations, our calculations
clearly reveal (1) Stripe 2 dominance at n = 1.5 as found
via other many-body techniques, (2) a much stronger AFM
coupling along the z axis than along the xy plane, (3) strong
AFM and FM competition in the xy plane when moving
slightly away from n = 1.5, (4) reduced spin spin correlations
as compared with half-filing N = 16, and (5) a rich phase
diagram varying N that merits experimental confirmation via
chemical doping.

D. RPA results

We have also used the RPA method to quantify the mag-
netic properties of this bilayer system, varying the electronic
density n. Past analyses have shown that the RPA, which is
based on a perturbative weak-coupling expansion in the Hub-
bard interaction [94–97], captures the essence of the physics
for Fe-based and Cu-based superconductors. Reference [95]
provides background information, and we expect the RPA
then to succeed also for Ni-based superconductors.
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FIG. 6. RPA leading states with their vector q (in vertical paren-
thesis, in units of π ) and Ucrit vs n, where Ucrit is the critical U for
the magnetic instability within RPA.

Specifically, we analyze the RPA enhanced spin suscepti-
bility tensor χ (q, ω = 0) that is obtained from the Lindhart
function tensor χ0(q) as

χ (q) = χ0(q)[1 − Uχ0(q)]−1. (7)

Here, χ0(q) is an orbital-dependent susceptibility tensor and
U is a tensor containing the interaction parameters [95].

Figure 6 shows Ucrit , the critical value of U , for which
the susceptibility χ (q) in Eq. (7) diverges, as a function of
filling n, and the corresponding wavevector q of the instability.
We note that, unlike in the Lanzcos, in the RPA this SDW
instability generally occurs for incommensurate wavevector
q. At n = 1.5, the RPA found a state with q = (0.8, 0, 1) in
units of π , thus resembling the Stripe 2 state of the Lanczos
results with q = (1, 0, 1) in units of π . At larger n, the RPA
finds states close to the G-AFM, C-AFM, and FM states
as N increases, in close agreement with our Lanczos phase
diagram. In the RPA, we do not find the A-AFM state for
smaller n. However, as shown in Fig. 3(a), in the Lanzcos
this state primarily occurs for U/W � 2, i.e., much larger U
than the Ucrit of the RPA and beyond the range of U where
the weak coupling RPA is applicable. In fact, for U � Ucrit ,
where the RPA is expected to give accurate results, there is
excellent agreement between both techniques. Furthermore,
we also found a state with q = (0.6, 0.6, 1) close to the E-
phase wavevector by slightly reducing the filling to n = 1.25,
which is possibly responsible for the SDW discussed in recent
experiments [70,75].

IV. DISCUSSION

This bilayer nickelate superconductor La3Ni2O7 naturally
reminds us of the previously well-studied infinite-layer nick-
elates and cuprates superconductors. As discussed in our
previous paper [48], the d3z2−r2 orbital displays a different
behavior in bilayer La3Ni2O7: showing bonding–antibonding
states with a splitting induced by the canonical “dimer”
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physics in the bilayer lattice. Furthermore, because of the ab-
sence of apical oxygen, a large in-plane interorbital hopping
between d3z2−r2 and dx2−y2 orbitals was obtained in La3Ni2O7,
leading to a strong AFM and FM competition in the plane.
However, this hopping is nearly zero in the infinite-layer nick-
elate, resulting in a strong AFM tendency in-plane. Recent
experimental and theoretical studies suggest that infinite-layer
nickelate superconductors can be described as a single dx2−y2

Mott Hubbard system where in-plane AFM spin interactions
drive the electron pairing [98,99].

In addition, the magnetic coupling between layers is weak
in the infinite-layer nickelate but the magnetic coupling along
the z axis is much stronger in La3Ni2O7 caused by d3z2−r2

orbitals. Thus, two orbitals are needed to capture the main
physics of La3Ni2O7. Although this bonding–antibonding
splitting of the d3z2−r2 orbital is also obtained in another bi-
layer La3Ni2O6 [22], where the apical oxygen is missing as
well, those states are far away from Fermi surface, suggesting
a different role of the d3z2−r2 orbital compared to La3Ni2O7.

The nickelates show many similarities with cuprates, but
also have fundamental differences, as discussed in the context
of the infinite nickelate context [3,6,100]. Similar to other
nickelates, the charge transfer gap between O’s p and Ni’s
d orbitals in La3Ni2O7 [48], shares the common nature of
nickelates that they are closer to Mott Hubbard systems.
But this charge-transfer gap is much smaller in the cuprate
superconductors, resulting in a charge-transfer system [5].
Furthermore, it is widely believed that superconductivity is
driven by the in-plane AFM fluctuations of the dx2−y2 or-
bital in the cuprates, leading to d-wave superconductivity [9].
However, the strong interlayer coupling caused by the d3z2−r2

orbital leads to possible s±-wave pairing superconductivity
in La3Ni2O7 [43,50,54–61]. All these strongly indicate that
the La3Ni2O7 system is quite unique, different from both
IL nickelates and cuprates superconductors, as well as from
another bilayer La3Ni2O6.

V. CONCLUSIONS

In summary, motivated by the recently discovered bilayer
nickelate superconductor La3Ni2O7, here we theoretically
studied a bilayer 2 × 2 × 2 cluster by using the Lanczos
method, as well as the RPA in the weak-coupling region.
A remarkably rich magnetic phase diagram was obtained,
involving a variety of phases, such as the A-AFM, Stripe 2,
Stripe 1, G-AFM, and C-AFM phases. Overall, this unusual
variety is caused by the strong competition between FM and
AFM tendencies at different electronic densities n per Ni. For
n = 1.5, corresponding to La3Ni2O7, in our 2 × 2 × 2 cluster
calculations we obtained the Stripe 2 ground state (AFM in
one in-plane direction, FM in the other, while AFM along
the z axis). Furthermore, we also obtained a much stronger
AFM coupling along the z axis than the magnetic coupling
in the xy plane. In addition, we observed a strong AFM vs
FM competition in the xy plane. Note that if larger cluster
sizes were available for Lanczos, other even more complex
interesting phases could become stable, such as the E-AFM,
CE-AFM, and block states, as extensively discussed in the
case of manganites and iron-based superconductors [85–87].
Meanwhile, a state with q = (0.6, 0.6, 1) close to the E-phase

wavevector is found in our RPA calculations by slightly re-
ducing the filling to n = 1.25, which is possibly responsible
to the SDW as discussed in the recent experiments. By hole
or electronic doping away from half-filling n = 2, the spin-
spin correlations become weaker as the doping increases in
both directions. Thus, our results provide clear predictions of
novel states for future experiments on Ni-oxide bilayer su-
perconductors once the electronic density is varied via proper
chemical doping.

Note added. Recently, we noticed that an independent the-
oretical study also showed similar results by using the RPA
method varying the density n [101].
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FIG. 7. Sketches of the virtual hopping process for N = 18 along
the z direction. For simplicity, 2 sites with 2 orbitals are considered
for both the AFM and FM cases. (a) and (c) are for 5 electrons, while
(b) and (d) are for 4 electrons. Note that for the case (d), the hopping
is forbidden (red dash ovals) because of the Pauli exclusion principle.
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FIG. 8. Magnetic phase diagram of the 2 × 2 × 2 cluster by varying U/W and N , at fixed JH/U = 0.1. Different magnetic phases, including
FM, C-AFM, A-AFM, G-AFM, Stripe 1, and Stripe 2, are indicated by different points with different shapes and colors. The size of the points
is proportional to the strength of the spin structure factor S(q). For simplicity, the regions with S(q) � 2 are marked as PM by using a gray
color. (a) is using PBC while (b) is using OBC.

APPENDIX A: SECOND-ORDER PERTURBATION
THEORY ANALYSIS FOR N = 18

For the benefit of the readers, we include here our study
for N = 18, with focus on the z direction, to show the de-
tailed two-site second-order perturbation theory analysis in
the atomic limit, as illustrated in Fig. 7. Here the hopping
t z
00 = −0.644 eV is treated as perturbation in the large U/W

limit and we focus on the effect of the U , U ′, and Hund’s
coupling terms. For nondegenerate states [cases (a) and (b)],
it is well known that second-order perturbation theory always
lowers the energy by

�E = −
∑

m

|〈ψm|H ′|ψ0〉|2
Em − E0

. (A1)

For case (a), the ground state and first excited state atomic
energies, starting point of the perturbation theory, are

E0 = U + 3U ′ − JH, (A2)

E1 = U + 3U ′ + JH, (A3)

respectively.

By using second-order perturbation theory, it can be shown
that the energy gain of the AFM configuration [case (a)] owing
to t z

00 is

�E(a) = |〈ψ1|H ′|ψ0〉|2
E0 − E1

= −|t z
00|2

2JH
. (A4)

Repeating the calculation for case (b), the ground state and
excited state atomic energies are

E0 = 2U ′ − 2JH, (A5)

E1 = U + 2U ′, (A6)

respectively.
Then, the energy gain of the AFM configuration for case

(b) is

�E(b) = |〈ψ1|H ′|ψ0〉|2
E0 − E1

= − |t z
00|2

U + 2JH
. (A7)

For the FM case (c), the two energy eigenstates of the
unperturbed Hamiltonian are degenerate

E0 = E1 = U + 3U ′ − JH. (A8)
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FIG. 9. Magnetic phase diagram of the 2 × 2 × 2 cluster by varying U/W and JH/U at fixed N = 12. Different magnetic phases, including
G-AFM, and Stripe 2, are indicated by different points with different shapes and colors. The size of the points is proportional to the strength of
the spin structure factor S(q). For simplicity, the regions with S(q) � 2 are marked as PM by using a gray color. (a) is using PBC while (b) is
using OBC.
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Thus, we should mix those degenerate eigenstates to obtain
the energy difference as[

E0 t z
00

t z
00 E0

][
ψ0

ψ1

]
= E

[
ψ0

ψ1

]
.

We obtain E± = E0 ± t z
00, so �E(c) = t z

00.
For the FM case (d), hopping is forbidden because of the

Pauli principle, so there is no energy gain.
By using U/W = 3 and the hoppings in the Methods sec-

tion (Sec. II), at JH/U = 0.2, the total energy gained in the
AFM state from t z

00 is ∼0.113 eV, which is smaller than the
total energy gained from the FM state which is ∼0.644 eV.
This result indicates the FM case wins over AFM. Thus, along
the z axis a transition from wavevector π for hole doping
to wavevector 0 for electron doping is expected, in excellent
agreement with the Lanczos results.

APPENDIX B: LANCZOS PHASE DIAGRAMS
AT JH/U = 0.1

As shown in Fig. 8, we also calculated the Lanczos phase
diagrams at JH/U = 0.1. Those results were found to be sim-
ilar to the case JH/U = 0.2, indicating that our overall results
are robust against changes in JH/U .

APPENDIX C: LANCZOS PHASE DIAGRAMS AT n = 1.5

As shown in Fig. 9, we also calculated the Lanczos phase
diagrams by varying U/W and JH/U at fixed N = 12. The
Stripe 2 state is robust against by changing in JH/U and U/W.

APPENDIX D: EFFECT OF NEXT-NEAREST-NEIGHBORS
HOPPINGS

The three next-nearest-hopping matrices (in eV units) are
shown below:

t x+z
γ γ ′ =

[
0.025 −0.039

−0.039 0

]
, (D1)

t y+z
γ γ ′ =

[
0.025 0.039
0.039 0

]
, (D2)

t x+y
γ γ ′ =

[−0.014 0.000
0.00 0.066

]
.

(D3)

All the next-nearest-hopping matrix elements are much
smaller than the nearest-neighbor-hopping matrix elements.
As shown in Fig. 10, we also studied the spin structure factors
for different spin states at n = 1.5 by involving next-nearest
hoppings while varying U/W , finding that the stripe 2 order is
still robust. We also recalculated RPA results after including
next-nearest hoppings, as shown in Fig. 11. It is clear that
stripe 2 order is still robust at n = 1.5. We also noticed that
there are some small changes of the wavevector q and the
critical U after introducing next-nearest-neighbors hoppings.
This is reasonable because RPA calculations are very sensitive
to small changes in the dispersion and Fermi surface.
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