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We study the impact of hole doping on the Kitaev-Heisenberg model on the honeycomb lattice. We investigate
the pairing tendencies and correlation functions in the framework of a + —J — K model using density matrix
renormalization group calculations on three-leg cylinders. In the case of the pure Kitaev model, which realizes
a quantum spin-liquid phase at half-filling, we find that binding of two holes only occurs at low values of
the hopping, where the holes are slow. We have theoretically verified that pair formation occurs in the limit
of immobile holes, where the pure Kitaev model remains exactly solvable. When we instead fix the hopping
at an intermediate, more realistic, value, and vary the Heisenberg and Kitaev interaction strengths, we find
pairing tendencies only in the Néel phase. This is in contrast to prior mean-field calculations, highlighting the
importance of accounting for the kinetic energy of dopants in generalized Kitaev models. Interestingly, we also
find signatures of pair-density wave formation over the studied range of model parameters, namely, a periodic
modulation of the charge density as well as the spin-spin and pair-pair correlations in real space. Moreover, we
present a comparative study of the different correlations as a function of doping. We finally discuss the potential

for experimentally observing the studied physics in quantum materials and heterostructures.

DOI: 10.1103/PhysRevB.110.224518

I. INTRODUCTION

There is a longstanding interest in doping quantum spin
liquid (QSL) states [1-14], i.e., phases of matter which occur
in interacting quantum spin systems and are characterized
by topological properties, exotic excitations, and the absence
of magnetic ordering even at zero temperature [15—-17]. This
direction dates back to the proposal [1] that resonating valence
bond (RVB) states are relevant to the description of uncon-
ventional superconductivity in, e.g., the cuprates. The RVB
wave function involves a superposition of singlet states, such
that the introduction of dopants into this liquid background
leads to spin-singlet Cooper pair formation [18]. It is natural
to consider other liquid backgrounds, as they can potentially
lead to more exotic forms of pairing.

A particularly interesting QSL is realized by Kitaev’s hon-
eycomb spin-1/2 model [19]. This exactly solvable model
features competing bond-dependent interactions and a QSL
ground state with two types of fractionalized excitations: gap-
less Majorana fermions and gapped visons (i.e., emergent
gauge fluxes) [20]. If time-reversal symmetry is broken by,
e.g., a magnetic field, the Majorana fermions are gapped out,
and the visons acquire non-Abelian particle statistics. Hence,
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Kitaev proposed [19] his Hamiltonian as a model for topo-
logical quantum computing [21,22]. Following the realization
that the bond-dependent interactions of the Kitaev model can
emerge in transition metal systems with edge-sharing octa-
hedra and strong spin-orbit coupling [23], such as Na,IrO3
[24-29] and RuCl; [30-37], there has also been a signifi-
cant effort to find and characterize candidate Kitaev materials
[38—41].

However, since materials tend to have additional hopping
paths and nonideal bond geometries, their spin Hamiltonians
include additional interaction terms beyond the pure Kitaev
model description, inducing magnetic order at low temper-
ature, as observed experimentally. The exact solution is no
longer valid in the presence of these interactions, making
approximate theories and numerical many-body techniques
indispensable. The simplest extension of Kitaev’s Hamil-
tonian is the Kitaev-Heisenberg model [42], which also
incorporates a spin-isotropic Heisenberg exchange term. The
phase diagram (see Fig. 1) and properties of the Kitaev-
Heisenberg model at half-filling are well-established at this
point [28,42-52], but the behavior upon doping remains
uncertain.

We focus here on hole doping, the impact of which can
depend on both the concentration and kinetic energy of
the dopants. The propagation of a single fast hole (with
t > K, where r is the hopping and K is the Kitaev in-
teraction strength) in a ¢ — J-like generalization of the
Kitaev-Heisenberg model was studied using exact diagonal-
ization in Refs. [53,54]. Signatures of coherent quasiparticle
propagation were found in spectral functions for the Néel

©2024 American Physical Society
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FIG. 1. The Kitaev-Heisenberg model. (a) Schematic represen-
tation of a three-leg cylinder on the honeycomb lattice. The distinct
x,y, and z bonds are denoted by solid blue, green, and red lines, re-
spectively. Dashed red lines indicate z bonds between sites connected
by the periodic boundary conditions of the cylinder. (b) The phase
diagram for J < 0 and K > 0: We find ferromagnetic (FM), zigzag,
and Kitaev-spin liquid (KSL') phases varying «. (c) For J > 0 and
K > 0, we find antiferromagnetic Néel (AFM) and Kitaev spin liquid
phases. (d) The phase diagram for K < 0 and J > 0: we find AFM,
stripy and Kitaev spin liquid (KSL?) phases. Pictorial representations
are provided for the (e) AFM, (f) FM, (g) stripy, and (h) zigzag
phases.

phase, similar to the behavior in #+ —J models for cuprates
[7] and consistent with prior work on the honeycomb ¢ — J
model [55]. However, the sublattice structure of the zigzag
and stripy phases was found [53,54] to hinder coherent prop-
agation, leading to hidden quasiparticles, whereas holes in
the Kitaev spin liquid phase propagated entirely incoherently.
A self-consistent Born approximation study [56] obtained
qualitatively similar results. In stark contrast, an analytical
variational calculation for slow holes (r < K) at the Kitaev
point (where slow holes only couple to the gapless Majorana
modes) found that a single slow hole propagates coherently

[57]. These contrasting findings strongly suggest that the be-
havior of dopants depends nontrivially on both the magnetic
background and on their kinetic energy. Two recent density
matrix renormalization group (DMRG) papers [58,59] about
the dynamic response to injection of a single hole into four-
leg cylinders reinforce this distinction between fast and slow
holes in the case of antiferromagnetic Kitaev interactions [58],
and also find a strong susceptibility to Nagaoka ferromag-
netism for ferromagnetic Kitaev interactions [58,59].

The effects of higher doping levels § have been studied us-
ing a variety of methods. A fermionic dopon mean-field theory
was constructed at the Kitaev point [60]. This theory pre-
dicts a Fermi liquid phase with well-defined quasiparticles for
18 < K, where the kinetic energy is small enough to leave the
Kitaev spin liquid background unchanged, and also predicts
p-wave superconductivity at large doping levels. On the other
hand, slave-boson mean-field theory studies [46,61-63] have
reported multiple superconducting (SC) phases in the doped
Kitaev-Heisenberg model. For ferromagnetic (FM) Kitaev in-
teraction (K < 0) and antiferromagnetic (AFM) Heisenberg
interaction (J > 0), Refs. [61,62] found two distinct p-wave
superconducting phases emerging from the Kitaev point upon
doping. d- and s-wave phases were also reported at higher
J. Ref. [46] clarified the nature of the p-wave phases and
extended the calculation to all signs of J and K, finding
distinct differences between FM and AFM Kitaev couplings.
For K > 0, a larger area of the phase diagram results in
d + id pairing, whereas in both cases sufficiently strong
FM Heisenberg interaction leads to a ferromagnetic phase.
Reference [63] analyzed an extended model that also includes
off-diagonal T interactions.

A functional renormalization group (fRG) study [64]
found a remarkably similar K < 0,J > 0 phase diagram to
Refs. [46,61] when accounting only for particle-particle con-
tributions to the (truncated) fRG flow equations. (We note
that, while Refs. [61,64] both used a parametrization in
which |K|/t =1, Ref. [46] had |J| + |K| = 2t, complicat-
ing direct comparisons.) When particle-hole contributions are
also included in the fRG calculations, the phase diagrams
for K <0,J >0 and K > 0,J < 0 were found to include
sizable regions with antiferromagnetic and charge-density
wave instabilities, respectively [64]. This highlights the im-
portance of beyond-mean-field effects in the physics of doped
Kitaev-Heisenberg models. It is worth noting that the fRG
calculations themselves include other approximations, such as
truncation of the flow equations, the impact of which is not
easily quantifiable.

Recently, the antiferromagnetic Kitaev point (J/=0,
K/t = 1/3) was studied using large-scale DMRG calculations
on cylinders of three and four legs [65]. Intriguingly, Ref. [65]
found that the leading pairing instability in the lightly doped
case is of the sought-after pair-density type [66,67]. However,
the pair-pair correlations decay rapidly, making the true long-
distance behavior uncertain. Reference [59] found that the
decay is exponential at the ferromagnetic Kitaev point for
a large value of the hopping (J =0, K/t = —1/20). These
results show the potential for DMRG calculations to elucidate
the effects of doping, at least for finite-size Kitaev systems.

We thus undertake here a DMRG study of the hole-doped
Kitaev-Heisenberg model in three regions of parameter space:
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i) K>0,J<0, @) K >0,J >0, and (iii)) K <0,J > 0.
We report a strong ¢t dependence of the binding energy at the
Kitaev point, which supports the distinction between fast and
slow holes previously made on analytical and computational
grounds [57,58]. For fixed hopping ¢ = 1, we find evidence
of negative binding energy, a prerequisite for pair formation,
only in the Néel phase. We find signals of pair-density wave
(PDW) precursors throughout the K > 0,J > 0 region, sug-
gesting such correlations are more prevalent than previously
expected. We find that the slow-hole regime is most promising
for pairing inside, or proximate to, the spin liquid phase and
discuss its relevance to heterostructures. We also calculate the
binding energy at the Kitaev point in the spin-vacancy limit,
t = 0, using the exact solution.

The organization of the paper is as follows: Sec. II in-
troduces the doped Kitaev-Heisenberg model and its phase
diagram at half-filling, and also provides details about our
numerical methods. Section III describes our results for the
binding energy (Sec. III A), pair-pair correlations (Sec. III B),
tendencies towards formation of exotic pair-density waves in
the Néel and spin-liquid phases with doping (Sec. III C), and
the contrasted spin-spin, charge-charge, and pair-pair corre-
lation functions in the Néel phase (Sec. IIID). Section IV
provides an intuitive picture for hole-pair formation in the
model and presents explicit binding energy results for the pure
Kitaev model in the limit of static holes. Also discussed are
consequences of our findings for realistic materials. Finally,
Sec. V presents our conclusions.

II. SPIN MODEL AND METHODS

The Hamiltonian for a doped Kitaev-Heisenberg model on
the honeycomb lattice can be written as

H=KY SIST+J) Si-8;—t Y (c,cjo+Hc),
<i,j> (i,
ey

where K is the Kitaev interaction strength and J is the
Heisenberg exchange strength. S; = (S¥, S, S7) is the vector
of spin-1/2 operators on site i, and sums are taken over nearest
neighbors (NNs). In the first term, y € {x,y, z} labels the
three distinct types of NN bonds shown in Fig. 1(a). The last
term describes the effect of doping, with ¢ being the hop-
ping parameter for the doped carriers, CL being the electron
creation operator with spin o, and H.c. denoting Hermitian
conjugate. The total number of sites in a finite-size cluster is
N =2 x L, x Ly, where L, and L, represent the number of
repetitions of the lattice vectors, a; and a,, respectively.

We note that YbCl; [68] provides an excellent realization
of the NN Heisenberg model [i.e., Eq. (1) at half-filling with
K = 0]. The extent to which the Kitaev-Heisenberg model
is realized in materials remains an open question because,
generically, additional off-diagonal and further-range interac-
tions can be important [41,47,69,70]. However, it represents
a minimal model for theoretical study, that captures both the
role of the Kitaev coupling and integrability-breaking, which
is why we adopt it here.

To numerically solve the above Hamiltonian, we use the
DMRG method [71,72] as implemented in the DMRG++
software [73]. The lattice cylinder geometry is described in

<i,j>,0

Fig. 1(a). We use open boundary conditions along the long
direction (a;) and periodic boundary conditions along the
short direction (a,). We consider mainly three-leg ladders with
system size up to 2 x L, x L, =2 x 3 x 12 (we have also
studied a few cases using a four-leg ladder).

Following Ref. [42], we parametrize the Kitaev K and
Heisenberg J couplings with a single parameter 0 < o < 1
for three different cases as

) J=a—-1, K =2a;

2)J=1-a,K=20; (J=0,K2=20),

B)J=1—-a, K=-2a; (J=0,KL0).

The ground-state phase diagrams at half-filling (i.e., one
electron per site) obtained from our DMRG calculations are
shown in Figs. 1(b)-1(d). For J < 0, K > 0 [Fig. 1(b)], one
finds the FM state [Fig. 1(f)] at low «. The competition
between J < 0 and K > 0 results in a large regime with
zigzag ordering [Fig. 1(h)], whereas the AFM Kitaev spin
liquid (KSL'") phase without any magnetic order is obtained at
large o.

For J > 0, K > 0 [Fig. 1(c)], the AFM Néel [Fig. 1(e)] is
found over a large range of « values, whereas the AFM Kitaev
spin-liquid phase is found only for a small range of «. For
J 2 0, K < 0[Fig. 1(d)], the Néel phase survives for o < 0.4,
while 0.4 < o < 0.8 produces the stripy phase [Fig. 1(g)].
Large « results in the FM Kitaev spin liquid (KSL?) phase. We
note that the results for this region can be directly compared
with the phase diagram obtained in Ref. [42].

To study superconducting and magnetic properties of the
doped Kitaev-Heisenberg model, we remove n;, electrons
from (or add n; holes to) the half-filled system. We con-
strain the Hilbert space of a single site to contain either
zero or one electrons, i.e., double occupancy is disallowed,
making our doped system a ¢ — J-like model with regard to
its Hilbert space. We calculate the pair binding energy and
various types of correlation functions (pair-pair, spin-spin, and
charge-charge), to be defined below. For the majority of the
calculations we kept up to m = 5600 DMRG states, finding
truncation errors € ~ 107>, Some binding energy calculations
used up to m = 7200 states. See the Supplemental Material
for additional details [74].

(<0, K =>0),

III. RESULTS

We present results for the binding energy of two holes as
well as correlation functions, and investigate the possibility of
pair-density wave states.

A. Pairing tendencies

We begin by calculating the two-hole binding energy to
understand the pairing tendencies of holes in the honey-
comb Kitaev-Heisenberg model. The binding energy near
half-filling is defined as

AE =E(N —-2)+E(N)—-2E(N — 1), 2)

where E(n,) is the ground-state energy with n, electrons
present. Alternatively, the filling can be quantified by the num-
ber of holes n;, introduced on top of the half-filled background,
i.e., n, = N — n,. Negative values (AE < 0) indicate that it is
energetically favorable for holes to form bound pairs. Such a
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FIG. 2. (a) Impact of the kinetic energy of dopants on pair for-
mation. The binding energy AFE is plotted as a function of the hole
hopping amplitude ¢ for (i) the AFM Kitaev point with K = 2, /=0,
(i) the FM Kitaev point with K = —2, J =0, and (iii) the AFM
Heisenberg point with K =0, J =1 for a fixed system size with
N = 24 sites. (b) The crossover hopping 7., defined as the value of ¢
where AE changes sign, is plotted as a function of the inverse system
size 1 /N at the AFM Kitaev point.

pairing tendency is a necessary but not sufficient condition for
superconductivity to occur. In contrast, AE 2 0 indicates the
absence of bound hole pairs. (Note that AE can be positive in
finite-size systems.)

We first investigate the influence of the hopping ¢ on the
binding energy in Fig. 2(a). By keeping the system size N =
2 x 3 x 4 fixed and varying ¢, we see a strikingly different
behavior at the AFM Heisenberg point compared to the two
Kitaev points. At the Heisenberg point, the binding energy
remains finite and negative over the entire studied range 0 <
t/J < 3. This behavior is consistent with results for the doped
t — J model on the square lattice [7,75,76]. In contrast, at the
Kitaev points the binding energy is found to be negative only
for slow holes with ¢t < 1/4. Att = 0, AE is independent of
the sign of K. In this limit, the DMRG calculation is signif-
icantly affected by edge effects. Nevertheless, the qualitative
result is intuitively clear: formation of hole pairs is expected
to be energetically favored as + — 0 in order to minimize the
number of broken magnetic bonds. We later show via exact
calculations of the Kitaev model that the binding energy at
t = 0 is indeed negative in an infinite system, but smaller in
magnitude than predicted by DMRG; see the Discussion in
Sec. IV for details. For ¢ > 1/4, the binding energy is positive
and appears to grow linearly with 7, with a higher slope for
the FM Kitaev point than for the AFM Kitaev point. The
difference in slope is consistent with the different tendencies
to Nagaoka ferromagnetism noted in the literature [58,59].
The crossover at f. = 1/4 supports the distinction that has
been made between fast and slow holes in the Kitaev model
[54,57].

Next, to understand the system-size dependence of this
crossover we calculate the binding energy at K =2, J =0

for different system sizes (N = 24, 36 and 48) and identify
the crossover hopping #., defined as the value of ¢+ where AE
changes sign. The resulting values are plotted in Fig. 2(b).
From a finite-size extrapolation (using a linear fit of the data),
we obtain ¢, ~ 0.8 in the limit N — co. We note that, due
to the limited cylinder length and circumference, a differ-
ent value could be found in the 2D thermodynamic limit
(Ly — oo, Ly, — 00). However, using this value for the finite-
size-scaled crossover hopping, our results suggest that, in the
spin-liquid regime, pair formation will only occur at relatively
small hopping 7./|K| < 0.4, namely, for relatively slow holes.
This is a result not sufficiently emphasized in previous Kitaev
model literature.

We proceed by fixing + = 1, which optimizes the binding
energy at the AFM Heisenberg point, and study the behav-
ior of AE in the three different parameter regions shown in
Fig. 1 and described in the previous section. We use here three
different cluster sizesN =2 x3 x4 =24 N=2x3 x 8 =
48,and N = 2 x 3 x 12 = 72. Figure 3(a) shows the binding
energy for  =a — 1 < 0 and K = 2« > 0 in the range of
0 < o < 1. We find that the binding energy remains positive
in the FM phase for all system sizes studied. In the zigzag
phase, AE is close to zero for the largest systems. In the
spin liquid phase (KSL'), where convergence is difficult to
achieve, we find that the binding energy remains finite and
positive at the largest size, consistent with the behavior in
Fig. 2.

Figure 3(b) shows the binding energy for / =1 —a > 0
and K =2« > 0 with 0 < o < 1. In this range, only two
phases are present: the Kitaev spin liquid and the Néel AFM
phase. We find negative binding energy only in the latter, with
binding optimized at the Heisenberg point and |AE| slowly
decreasing as the Kitaev point is approached. Whereas the
system-size dependence is notable in the spin liquid phase,
the results in the AFM phase for clusters of sizes N = 48
and N =72 are almost the same, indicating a more rapid
convergence in cylinder length.

Figure 3(c) shows the behavior for / =1—« > 0 and
K = —2a < 0with0 < « < 1, including the AFM phase, the
stripy phase, and the FM Kitaev point with the KSL? spin
liquid phase. As expected, the binding energy is negative in
the Néel phase for « < 0.4. The binding energy approaches
zero in the stripy phase, signaling the absence of two-hole
bound pairs. (We note an anomaly at « = 0.6 where the bind-
ing energy for N = 72 is larger than that for N = 48. This is
caused by a numerical convergence issue, but does not affect
the physical conclusion.) The binding energy in the spin liquid
phase remains positive for the largest system size, and at fixed
system size it is larger than at the AFM Kitaev point. Together,
these results imply that at this fixed value of hopping (r = 1),
the Néel phase stands out as having robust pairing tendencies,
while no evidence of pairing is found in the other phases.

B. Pair-pair correlations

Having established that the binding energy calculations
predict hole pairing only in the Néel phase for the intermediate
hopping ¢ = 1, we next focus on signatures of supercon-
ductivity and the nature of pairing in the J > 0,K >0
region (J = 1 — «, K = 2«a). To investigate these aspects, we
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FIG. 3. Binding energy AE vs o« for cluster sizes
N=2x3x4N=2x3x%x8, and N=2x3x12. (a) For
J =oa — 1 and K = 2«, the binding energy is positive for all three
phases, including the ferromagnetic (FM), zigzag, and Kitaev spin
liquid (KSL) phases. (b) For / =1 — « and K = 2«, the binding
energy is negative for the Néel (AFM) phase and becomes positive
in the Kitaev spin liquid (KSL) phase. (¢) For / =1 —« and
K = —2a, the binding energy is negative only in the Néel (AFM)
phase and becomes positive for the stripy and Kitaev spin liquid
(KSL) phases.

calculate singlet and triplet pair-pair correlations using 72-site
three-leg cylinders. The pair-pair correlation function can be
defined as

Pyl (r) = (A (o, jo)A, (o + 1. jo)) 3)

where r is the distance along the long direction of the cylinder,
ip and jj are reference positions along the respective lattice

0.01 T T T T I
(a) P (r
, — o=0.0
0.0001 — =09
a=0.8
—a=1
1x10°0 |- \ ! ) \ \ ! \
2 4 6 8 2 4 6 38
r r
0.01 T T T [ T T
d T T T
E( ) P’ () |(©) P (r) i(f) P
0.0001{~ — =00 .
n,=4 =08
3 a=10
1106 | ‘
2 4 8 2 4 6 8

FIG. 4. Averaged pair-pair correlations in the J > 0, K > 0 sec-
tor for different values of « (/ = 1 — « and K = 2«) at hole doping
n, =4 and clusters with N = 72 sites. The top row shows sin-
glet pair-pair correlation functions along different bond directions:
(a) P5.(r) along x-bonds with distance r, (b) P5(r) along y-bonds,
and (c) P3(r) along z-bonds. The bottom row shows triplet pair-pair
correlations: (d) P£ (r) along x bonds, (e) P_g(r) along y bonds, and

(f) PL(r) along z bonds.

directions labeled a; and a, in Fig. 1, and
1
Foooo ot T T T
AL, ) = ﬁ[c(i,j>,¢c<i,j)+ﬁ,¢ il @

is the pair creation operator, with a — sign for singlet pairs
and + sign for triplet pairs. The index u € {x,y, z} denotes
the type of bond, as illustrated in Fig. 1, which is associated
with a displacement given by the vector fi. This amounts to an
assumption that pairs are predominantly formed from holes on
neighboring sites, as is typically the case in ¢ — J-like models
with short-range interactions, where nearest-neighbor pairs
minimize the energy cost incurred from the magnetic part of
the Hamiltonian.

Figure 4 compares the averaged pair-pair correlation func-
tions along different bond directions for four holes as « is
varied. The averaging is defined as

1
P ) = 5 2Pl ), 5)
iy

where N, is the number of pairs at distance r along the long
direction of the cylinder from the reference site (ip, jo). We
neglect one bond on each end of the cluster to reduce bound-
ary effects. Note that the zigzag termination of the cluster
reduces the maximal distance between y bonds by one from
the maximal distance between x (or z) bonds.

As shown in Fig. 4, the singlet (triplet) pair correlations
PS5 (Pl) and P35 (PT) have very similar power-law decays
with distance, across different values of o < 0.8. (The corre-
lations at the largest distances, r = 8, 9, show some deviations
from power-law behavior due to boundary effects and insuffi-
cient averaging.) This behavior is expected due to the spatial
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FIG. 5. (a) Normalized singlet pair-pair correlation Gny(r) =
pfy(r)/ f(r) along y bonds of the honeycomb lattice with distance
r. (b) y component of the spin-spin correlation S,, along the a,
direction of the honeycomb lattice. (c) Rung charge density (n(i)) =
> ;{n(i, j))/Ly. These results were calculated using DMRG at nj, =
12 and for different values of o (with / =1 —« and K = 2«). We
have used system size N =2 x 3 x 12 and number of electrons
n, = 60.

isotropy of the Hamiltonian and the similar symmetry of the
x and z bonds in the finite zigzag-terminated clusters we
consider. On the other hand, the pair-pair correlation along
y bonds behaves differently, and decays exponentially at all
values of «; see Figs. 4(b) and 4(e). Throughout the Néel
phase (o < 0.8), the singlet pair-pair correlations P35 and PZSZ
dominate and have the largest values at large distances; see
Figs. 4(a) and 4(c). At the AFM Kitaev point (¢ = 1,orJ =0
and K = 2), we find that all considered pair-pair correlation
functions decay exponentially. This is consistent with our
binding energy results.

C. Pair-density wave

In light of the observation of precursors to PDW formation
at the Kitaev point [65], we next explore the possibil-
ity of PDW formation in the J > 0, K > 0 region of the
Kitaev-Heisenberg model. The PDW state is characterized by
intertwined superconducting, spin, and charge orders [66,77].
In this state, the SC order and spin order have the same
periodic modulation, while the charge order varies with half
the period of the SC and spin orders [78]. The SC order in the
PDW states also oscillates periodically such that its spatial
average vanishes [77,79]. Figure 5(a) shows the normalized
singlet pair-pair correlation

@3, (r) = pl,(/f(r), ©)

with pairs along y bonds for n;, = 12 holes. To highlight
the clear spatial oscillations, we fit f(r) to a power-law
f(r) ~ r~%« as described in Ref. [65]. Note that here <I>§V(r)
is not averaged over different bonds. Instead, we calculate
the pair-pair correlation function away from a fixed site, after
neglecting boundary sites as before.

Interestingly, the normalized pair-pair correlation
[Fig. 5(a)] shows spatial oscillations with distance r; d>;y(r)
changes sign after each distance of ~2, such that the spatial
average almost vanishes. The spin-spin correlation

S7() =1(),1Sh 1) ™
is plotted in Fig. 5(b). Here we chose the reference site at
(io, jo) after neglecting one bond along the left end of the
cluster. The spin-spin correlation also oscillates with approx-
imately the same period 2, but the oscillation is in antiphase
with that of the normalized pair-pair correlations. On the other
hand, the rung charge density

(n(i)) =Y _(n(i, /Ly ®)

J

shows a spatial modulation with a period that is one half
of that for the pair-pair and spin-spin correlations (1 site).
These results are characteristic of a striped pair-density wave
[65,66,77]. We note that this type of intertwined spin, charge,
and superconducting order is quite distinct from normal coex-
isting superconducting and charge-density wave orders, where
the averaged pair-pair correlations do not vanish and the mod-
ulation periods of the pair-pair correlations and the charge
density are the same.

As may be expected from the binding energy trends, the
pair-density wave signatures become clearer and more dom-
inant while moving from the AFM Kitaev limit (¢ = 1) to
the AFM Heisenberg limit (¢ = 0). What is the symmetry of
the pairing process? To investigate this, we calculate the ratio
Py (r)/Pyy(r) for different values of . For & > 0.8, i.e., close
to the AFM Kitaev point, we find that the ratio is always neg-
ative, indicating a dominant d-wave symmetry of the singlet
pair-pair correlations. This is consistent with the previously
published result at @ = 1 [65]. On the other hand, for « < 0.6
we find some oscillations in the sign that could suggest a
different pairing symmetry. However, due to the restriction to
finite-size clusters we are not able to conclusively determine
the nature of the pairing. We note that prior work on the
honeycomb ¢ — J model (i.e., « = 0) reported d-wave pair-
ing symmetry, possibly of the time-reversal-breaking d + id
variety [80-82].

D. Comparison of correlation functions

Finally, to determine the dominant instability in the pres-
ence of both Kitaev K and Heisenberg J terms, we compare
the pair-pair, spin-spin, and charge-charge correlations as
functions of the distance r and for different doping levels at
a =04 (J =0.6and K = 0.8). We use averaged correlation
functions and compare results for n, =4, 8, 12, 16 holes,
corresponding to hole doping concentrations of n,/N =
5.6%, 11%,17%,22%. The charge-charge correlation
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FIG. 6. Comparison of correlation functions at « = 0.4 (J =
0.6, K = 0.8) on clusters with N = 72 sites for different numbers
of introduced hole dopants n,. (a) Singlet pair-pair correlations.
(b) Spin-spin correlations. (c) Charge-charge correlations.

function is defined as

1
C(r) = 5 D Hntio, oo + 7, jo))

— (n(io, jo)) (nGio + r, jo))}- ©))

The results are plotted in Fig. 6. We find that the averaged
spin-spin correlation $¥(r) = 1 Z $Y(r) dominates for all
hole concentrations. This is expected due to the odd number of
legs in the finite-size cluster, and is reflective of the even-odd
effect also seen in square-lattice ladders [8,83]. We expect

P (r), §7(r), and C(r) to compete more closely in cylinders
of width L, =4, and more generally for L, even. As the
hole doplng is increased, we find that the decay rate of all
correlation functions increase. This is particularly notable in
the spin-spin correlations as ny, is increased from 4 to 16,
presumably because of increasingly severe scrambling of the
spin order by the additional introduced holes [84].

IV. DISCUSSION

Our results on the binding energy show that prior phase di-
agrams obtained from slave-boson mean-field theory [46,61—
63] neglect crucial effects relating to the kinetic energy of the
doped holes. In the quasistationary regime (¢t < 1), the holes
can be viewed as spin vacancies, and the formation of hole
pairs is readily understood from a simple intuitive argument
following Refs. [7,75]. Since each hole breaks three bonds
of the honeycomb lattice, it has a finite energy cost due to
the three associated magnetic interactions. For two holes, it is
then energetically favorable to be on neighboring sites so they
only break five bonds instead of six. While this argument was
originally presented for the Néel phase on the square lattice
[7,75], it straightforwardly generalizes to all phases in this
work, including the Kitaev spin liquids.

Indeed, one can explicitly confirm pair formation in the
pure Kitaev model, which remains exactly solvable even in the
presence of spin vacancies [85-87]. For the Kitaev model on a
40 x 40 honeycomb lattice, the binding energy of two nearby
vacancies, as defined by Eq. (2), is plotted against relative
position in Figs. 7(a) and 7(b). In general, the binding energy
is positive (negative), corresponding to repulsion (attraction),
if the two vacancies are on the same sublattice (opposite
sublattices). Since the most negative binding energy is found
for the nearest-neighbor position, it is indeed energetically
favorable for two vacancies to be on neighboring sites. From

(a) (b)

-0.21
-0.22
-0.23
b
-0.24
-0.25
MHHHHH*-HHFH####F e T

-0.2
8.0 0. 01 0. 02 0.03 0.04 0.05

1/L

FIG. 7. (a), (b) Binding energy of two holes in the r — 0 limit
for the pure Kitaev model with |K| = 2 as a function of their rela-
tive position if the holes are on the same sublattice (a) or opposite
sublattices (b). One hole is fixed (black cross) and the other one is
moved around (colorful disks). The area of each disk is proportional
to the absolute value of the binding energy, |AE|, while the color
of the disk is red for AE > 0 and green for AE < 0. The binding
energies are calculated for an L x L honeycomb lattice with L = 40.
(c) Finite-size scaling of the nearest-neighbor binding energy. The
solid and dashed lines are linear extrapolations from data points with
Lmod3 = 0and Lmod 3 # 0, respectively.

the finite-size scaling shown in Fig. 7(c), we then determine
the nearest-neighbor binding energy to be —0.250 for |K| = 2.
If we also account for the gauge fluxes attached to isolated
vacancies in the Kitaev model, lowering the energy of each
well-separated pair by —0.027 [85], the binding energy of two
vacancies is finally found to be —0.223. This binding energy is
around one-half of the one found in Fig. 2(a); the most prob-
able sources of the discrepancy are the finite cylinder width
and the open ends of the cylinder in DMRG. Nevertheless, the
binding of vacancies is qualitatively well captured by DMRG.
We remark that the binding energy of two vacancies is the
same for the FM and AFM Kitaev models. Moreover, the
position dependence in Figs. 7(a) and 7(b) is similar to the
anisotropic gapped phase of the Kitaev model [87], although
with a slower decay, as expected for a gapless phase.

In realistic hole-doped bulk quantum materials, we expect
faster holes corresponding to ¢ > 1. Thus, since our results
only show binding at the Kitaev points for slow holes, and
no binding in the FM, zigzag, stripy, and KSL phases for
t = 1, pairing in real bulk materials described by the Kitaev-
Heisenberg model can likely only be found in the Néel phase.
However, firm conclusions about the behavior in the thermo-
dynamic limit cannot be drawn until finite-size scaling in the
cylinder width (which is computationally very challenging)
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can be achieved. We also note that the description of existing
Kitaev candidate materials like -RuCls and Na,IrO3 requires
additional interactions, such as off-diagonal I' interactions
and further-range Heisenberg exchange, which are known to
dramatically modify the phase diagram at half-filling [47].
What effects they might have on the pairing tendencies is
presently unclear, leaving open the possibility that they might
stabilize pairing over a broader parameter range. Thus, future
extensions of the current study to, for example, the Kitaev-
Heisenberg-I" model are encouraged.

A more promising path to accessing the slow-hole regime
could be heterostructures involving exfoliated layers of
Kitaev systems in proximity to other materials. For exam-
ple, «-RuCls/graphene heterostructures have been reported
to induce light electron doping in the Kitaev layer and to en-
hance the Kitaev interaction strength, leading to an estimated
t/|K| ~ 0.4 [88]. This ratio is very similar to our estimate
for the crossover hopping in the Kitaev limit, #./|K| ~ 0.4.
However, it must be noted that the spin Hamiltonian used in
Ref. [88] includes additional spin-spin interactions, meaning
a direct comparison cannot be made. We encourage further
study of such heterostructures. In addition, we note that the
slow-hole regime may be accessible to quantum simulation
platforms [89-91].

Finally, the appearance of pair-density wave behavior over
a broad range of parameters in the Kitaev-Heisenberg model
is interesting and promising for further study. In particular, it
means that this behavior remains, and is in fact strengthened,
away from the numerically challenging Kitaev point, where
pair-density wave precursors have already been found [65]. It
also locates our system in the company of models with PDWs
on triangular lattices [92,93] and a spinless fermion model on
the honeycomb lattice [94].

V. CONCLUSION

We have studied the pairing tendencies in a hole-doped
Kitaev-Heisenberg model, the ¢t — J — K model, numerically
using DMRG. In the Kitaev limit (J = 0) we find that the
binding energy between two holes depends strongly on the
hopping ¢ that determines the kinetic energy of the holes. This

is in agreement with the distinction between slow and fast
holes that has previously been made in analytical and compu-
tational studies on the one-hole problem. As a result, we only
predict pair formation at relatively low hopping, ¢/|K| < 0.4,
aregime of potential relevance to heterostructures but unlikely
to occur in bulk Kitaev candidate materials.

In contrast, in the Heisenberg limit (K = 0) the binding
energy indicates pair formation up to at least7/J > 3, in qual-
itative agreement with the behavior of the square lattice t — J
model [7]. Hence, for fixed t =1, |J| <1 and |[K| < 2 we
only find evidence of pair formation in the Néel phase. These
results, while subject to finite-size limitations, suggest that the
dynamical effects of holes play an important role in doped
Kitaev-Heisenberg models, and that current slave-boson mean
field theories may need to be extended. We have also found
that the pair-density wave behavior previously reported in the
Kitaev limit in fact extends over a range of parameters in the
Kitaev-Heisenberg model.
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