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Valence bond (VB) states as the formation mechanism of Cooper pairs, eventually leading to high-temperature
superconductivity, remain a controversial topic. Although various VB-like states find variational relevance in the
description of specific spin models and quantum spin liquids, in the realm of many-body fermionic Hamiltonians,
the evidence for such states as ground-state wave functions remains elusive, challenging the valence-bond pairing
mechanism. Here, we present evidence of a VB ground state with pairing tendencies, particularly at finite doping.
We achieved this for the generic two-orbital Hubbard model in low dimension, where the VB states can be
associated with the presence of the topological order manifested by edge states.
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Introduction. In 1987, just one year after the discovery of
high-temperature superconductivity (high-7. SC) in cuprates
[1], Anderson proposed [2] his famous resonating valence
bond (RVB) state as the ground-state wave function to de-
scribe the properties of such compounds. In essence, the RVB
represents a quantum liquid of valence bonds, i.e., a collection
of spin singlets, distributed over the lattice in a way that
preserves its spatial symmetries. Note that the singlets are not
necessarily nearest neighbors and can span over a few lattice
sites, though their amplitude is expected to decay exponen-
tially with distance. Such a state can, in principle, describe
the Mott insulators’ spin arrangement for the half electronic
filing [3] and, more importantly, allow for mobile Cooper
pairs under hole or electron doping (with each pair of holes
or electrons “replacing” one of the singlets) [4,5].

Anderson’s idea sparked enormous interest in the antiferro-
magnetic (AFM) Heisenberg models, which properly describe
the main experimental findings of undoped cuprates [6,7] and
parent compounds of some iron-based superconductors [8].
However, the RVB and even more generic valence bond solids
(VBSs, which break some of the lattice symmetry) are rare as
the ground-state wave functions of the many-body systems.
For the spin models, notable examples of such states exist.

(i) It has been established that quantum spin liquids [9]
realized in geometrically frustrated magnets [10,11] can be
described by the RVB wave function.

(ii)) The ground states of the one-dimensional (1D)
S = 1/2 Heisenberg model with nearest- and next-nearest-
neighbor interaction (the so-called Majumdar-Ghosh model)
[12,13] or the two-dimensional (2D) Shastry-Sutherland
model [14] are exact VBS states.

(iii) Finally, it has been shown [15,16] that the S =1
Heisenberg chain with biquadratic interactions can be thought
of as a collection of coupled S = 1/2-like singlets [Fig. 1(a)].

The latter is encapsulated in the Affleck-Kennedy-Lieb-
Tasaki state (AKLT state), which hosts the famous topological
Haldane edge states. It is important to note that the AKLT
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state is a perfect VBS. At the same time, the plain § =1
Heisenberg model in 1D resembles a gapped RVB state with
exponentially decaying correlations [17].

In the context of fermionic Hamiltonians, evidence of
a valence bond (VB)-like state as the ground state of the
many-body system is still lacking. Although such states are
anticipated to capture many properties of quantum param-
agnets, the challenge is demonstrating that the ground state
has a form of VB liquid. Here, we report the evidence that
the ground state of the generic two-orbital Hubbard model in
low-dimension realizes a VB-like state. The latter maintains
the topological properties of the AKLT state and, in addition,
becomes superconducting at finite doping. Namely, we show
that the topology and pairing are intertwined in the doped
fermionic Haldane chain. Although limited to 1D consid-
erations, our density-matrix renormalization group (DMRG)
calculations reveal most of the properties expected of the
high-T; phase diagram, i.e., (i) a large region of finite binding
energy in the interaction-doping phase diagram, (ii) long-
range of pair-pair correlations, and (iii) pair density wave
(PDW). We also show that (iv) all of these phenomena are
induced by the VB ground state akin to the AKLT state of
S = 1 Heisenberg chains. Since the latter exhibits topological
properties, the presence of VB-type states can be easily iden-
tified via the presence of the topological order.

Orbital-RVB. Our investigation is based on the two-
orbital (y =0 and 1) Hubbard-Kanamori model on the 1D
lattice:
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FIG. 1. (a) Sketch of the AKLT state (top) and the orbital-RVB state of the doped one-dimensional two-orbital Hubbard model (lower).
Paired holes are presented as circles. (b) Interaction U—doping x phase diagram of the string order parameter O evaluated in the bulk
(at distance £ = L/2) of the L = 60 sites system. The points depict values at which extrapolated to L — oo spin gap Ag opens or closes.
(c) Phase diagram for binding energy ep = Eg(N) — 2E (N — 1) + Eg(N — 2), where Eq(N) is the energy of the fermionic system with
N electrons (L = 60). Points depict values at which the extrapolated to L — oo binding energy crosses the zero value. Lines are a guide to

the eye.

with P y y T Y e ' In the following, we consider its most
generlc Ver510n with band degeneracy. The first term de-
scribes the system’s kinetic energy (with the kinetic energy
span given by W = 4¢). The second term describes intraorbital
(U) and interorbital (U’) on-site electron repulsion. The last
term originates in multiorbital physics: Jy accounts for the
ferromagnetic Hund coupling between spins S, at different
orbitals, maximizing the total on-site spin. The above model
preserves SU(2) symmetry (provided that U' =U — 5/2Jy
[18]), and we consider Ju/U = 1/4 in the S5, = 0 magneti-
zation sector for various hole doping levels x = 1 — 7, where
n = N/2L is electron density (with N being the number of
electrons in an L-site system). The quasi-1D (ladders) and
2D versions of the above model are extensively used in the
context of various correlated superconductors like iron pnic-
tides, chalcogenides, ruthenates, iridates, and heavy-fermion
materials. In the following, we present results obtained with
the help of the DMRG method on the open-boundary system
(see Supplemental Material [19] and Refs. [20-22] therein for
details).

At half-filling x = 0 and in the limit of large interaction
strength U > W, i.e., in the region where double occupancies
are not present and the average on-site magnetic moments are
well developed 8% = S(S + 1) ~~ 2, the low-energy physics of
the two-orbital Hubbard model can be described by the § = 1
AFM Heisenberg Hamiltonian [23]. The ground state of the
latter can be pictorially expressed [Fig. 1(a)] by on-site triplets
of § = 1/2-like objects, i.e.,

1) = 1o T1i)s = 1) = Hoi 12),
1
10;) = ﬁ(l%i d1i) + o T1))s

which are coupled in a valence bond way between sites,
(1/vV2) (I oib1ie1) = ;i) Here 1,0, —1) represent
§ =1 states at site i, while |o,,;0,/;) with 0; =1, | can be
thought of as a spin configuration of two electrons at different
orbitals ¥ and y’ in the context of the two-orbital Hubbard
model. The above VBS (AKLT state) is not an exact ground
state of the isotropic S = 1 AFM model. Still, it can be adi-
abatically connected to it without closing the spin gap and

preserving its unique properties, i.e., the presence of the topo-
logically protected Haldane edge states (unpaired by valence
bonds” S = 1/2 states at the boundary of the open system).
It has recently been shown [23] that such a description of the
two-orbital Hubbard model in 1D is valid even for a relatively
small value of interaction, U >~ W/2, in the region where
magnetic moments are not fully developed S? < 2 and charge
fluctuations are still present. Such behavior can be monitored
with the help of the string order correlation function:

m—+€—1
—(gs|S%, exp | in Z St

n=m+1

Os(¢) = Sprelgs), (D)

with |gs) being the ground-state wave function and S7, =
S§u + S5, being the total spin at site m, which serves as the
order parameter of the AKLT state in the £ — oo limit (i.e.,
breaking of the discrete Z, x Z, hidden symmetry).

Introduction of the holes into the AKLT state is a nontrivial
task. In principle, two scenarios are possible in the atomic
limit: the formation of “rigid” on-site holes |hg;A;;) in the
AFM S = 1 background or the pair of holes transforming two
of the S = 1 on-site triplets into two S = 1/2 objects, e.g.,

[Toi d1i) — [Toifi) —

In the atomic limit # = 0, the former scenario is favored by
the Hund exchange Jy since it is maximizing the average
magnetic moments. On the other hand, the latter case—with
one hole per site—is preferred by the interorbital repulsion U’
term in the Hamiltonian. To resolve this state in the many-
body system ¢ % 0, we monitor the behavior of the ground
state with doping x and interaction U by evaluating the string
order parameter Os(£). Detailed distance dependence is pre-
sented in Fig. 2(a), while Fig. 1(b) depicts the phase diagram
obtained from the bulk value of Os(L/2) (see also Supplemen-
tal Material [19] for additional results). For dopings x < 0.35,
one can observe a region where the string order parameter
is finite, excluding two holes at the same site (but different
orbitals |h;0h;1)), which would break the AFM chain into two
parts. More importantly, our results are consistent with a one
hole per site scenario, i.e., with (two) holes replacing one of

Noi T1:) — |hoi T1i)-
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FIG. 2. (a) Distance dependence of string order correlation func-
tion O (¢) for various values of interaction strength U /W and x = 0.1
hole-doped system (L = 80 data). (b) Amplitude of the charge den-
sity oscillations (L = 60). Lines represent the same guide to the eye
as in Fig. 1.

the valence bonds. For a few holes away from half-filling,
x =0, such a state was coined the orbital-RVB [24-26].
Here, we extend this definition to rather large doping levels,
x =~ (.35, and show that its properties are consistent with the
valence-bond pairing mechanism.

For x = 0 (half-filling), one can observe [Fig. 1(b)] a finite
string-order parameter for all U/W 2 0.5 (with the U — oo
limit given by the S = 1 Heisenberg model), while for x # 0
this is true only in a finite region of interaction strength U.
One can understand the lower (at small U) topological phase
transition (from trivial paramagnetic to topological orbital-
RVB state) as an effect of interaction U strengthening the
magnetic moments S and decreasing the charge fluctuations.
On the other hand, the upper (at large U) transition is associ-
ated with the change in the spin-spin correlations from AFM
(incommensurate at finite x) to ferromagnetic (FM) ordering
due to double-exchange-like physics in the large Hund limit
for x # 0[27,28]. In the Supplemental Material [19] (see also
references [29-37] therein), we also present the analysis of
the correlations between the system’s edges, confirming the
presence of topologically protected edge states, and the spin-
spin magnetic structure factor analysis confirming the AFM
to FM transition at large U .

Since the orbital-RVB state shares its topological proper-
ties with the “standard” AKLT state, one expects that finite
string order O; # 0 is accompanied by the presence of the
reminiscence of the Haldane gap (As—; >~ 0.41J forthex = 0
AKLT state, with spin exchange J = 2¢2/(U + Jy) [23]). In
Fig. 3(a), we present the interaction U dependence of the

(a) Spin gap Ag

0.08

Ag/t

0.00

(b) Binding energy ep

FIG. 3. Extrapolated to L — 0o (a) spin gap Ag = Ey (S5, =
2) — E4 (S5, = 0) and (b) binding energy —ep. The dashed line
in panel (a) indicates the Haldane gap Ags—; = 0.41J with J =
21 /(U + Jn).

(extrapolated to thermodynamic limit [19]) spin gap Ag. In-
deed, our results indicate that Ag remains open in the same
region where the string order is finite, also for nonzero doping
x # 0 [see points presented in Fig. 1(b), which depict opening
and closing of the spin gap].

Finally, the spatial dependence of the string order param-
eter O(¢) indicates the presence of pronounced oscillations
for x # 0. We associate them with the presence of Friedel
oscillations in the charge sector (due to the open-boundary
system), visible also in the site-resolved electron density n, =
noe + nie (see the Supplemental Material [19]). In Fig. 2(b),
we present the spatial standard deviation of the density o, =

v(1/L)Y, n% — 72, related to the amplitude A of the cosine
wave, 0, ~ A/~/2. In the topologically trivial region, U < W
and x 2 0.2, we find the “standard” 2kp = nn = (1 — x) x
mx charge-density-wave oscillations of a weakly interacting
system. Interestingly, in the region where we find finite Oy #
0 (U ~2W, x <£0.35), our results indicate that the charge
oscillates with the 27 x wave vector. The latter is consistent
with a PDW with 4kg oscillations [38—40] (leading to two
doped holes per one minimum in oscillation). This indicated
that the PDW accompanies the doped orbital-RVB and is most
pronounced at doping x >~ 0.15.

Binding energy. Our results show that the orbital-RVB state
remains robust even for large doping x ~ 0.3 at U >~ 4W. In
Fig. 1(c), we contrast this behavior with the binding energy
€g, where a negative value signals the presence of bound
pairs of holes (or electrons for x < 0, due to the particle-hole
symmetry of the considered model). The significant overlap
in the interaction-doping phase diagram between the finite
string order, O # 0, and the negative binding energy, eg <
0, indicates that the VB structures of the ground state and
bounded pairs coexist. Consequently, the latter are correlated
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FIG. 4. (a) Doping x dependence of the pair-pair correlation function Cp(£) for U/W = 1.3 (L = 80 data). (b) Finite-size scaling (L = 40,
60, and 80) of the pair-pair correlation length &p obtained from Cp(€) o exp(—£/&p) fits (see the Supplemental Material for more data [19]).
(c) Phase diagram of the correlation length &p obtained from the fits to the L = 60 sites system. Points depict parameters presented in panel
(b). Lines represent the same lines that represent guides to the eye as in Fig. 1.

due to the former [see Fig. 1(a)]. The above behavior is in
accord with the scenario envisioned by Anderson’s proposal:
upon doping, the system minimizes its energy by breaking a
minimal amount of coupled singlets (valence bonds) [41]. In-
terestingly, the VB-induced pairing (as measured by negative
binding energy) is found for the electron-electron interaction
strengths U, which are “just below” the large interaction
expansion, i.e., below the J(U) o 1/U energy scale, which
gives the proper description of the spin excitations.

It is important to note that the presence of the bounded
pairs does not necessarily imply superconducting tendencies.
The latter requires nonvanishing long-range correlations in the
thermodynamic limit L — oco. One can monitor this with the
Cooper pair susceptibility:

Cot) = —— D (AL, Bipyy), 3)
Ly#y'
where Al ,, Tepresent smglet palrs between nearest -neighbor

sites at different orbitals, tyy m yl+w m i/t+lT
Such a pairing is consistent with doping of the orbital-RVB
state described above and with earlier numerical investiga-
tions [24]. Our results indicate two distinct behaviors (see
Figs. 4(a) and 4(b) and the Supplemental Material [19]).
For the trivial (non-VB) state (e.g., x = 0.25 for U = 1.3),
we observe fast exponential decay of the pair-pair correla-
tion Cp(€) ox exp(—£/&p), with size-independent correlation
length &p [see Fig. 4(b)]. On the other hand, for the orbital-
RVB states we find that the correlation length increases with
system size, &p(L) o« LY, with o =~ 1. The analysis of the &p
value for a finite-size system [Fig. 4(c)] confirms that the cor-
relation length in this region becomes large: £&p(L = 60) ~ 20.
This implies that, even in the thermodynamic limit L — oo,
the pairs in our VB state are correlated at distances of the order
of the system size, again confirming Anderson’s RVB pairing
scenario.

Conclusions. Since our results are obtained on the one-
dimensional two-orbital model with total § =1 magnetic
moments in the U > W limit, the relevance of our re-
sults to cuprates is unknown (fundamentally considered as a
single-orbital 2D system with S = 1/2). However, it is well
established that the multiorbital nature of the Fermi surface
plays a crucial role in the properties of iron-based super-
conductors. Consequently, the studied model is relevant for

the latter. Consider the flagship iron-based superconductor
Fe(Se,Te) [42,43]. The magnetism of this compound is be-
lieved [8,11,44] to be described by the frustrated J;-J, S = 1
Heisenberg model in two dimensions. Interestingly, for the
relevant J,/J; ~ 0.5 values, the system ground state can be
described [11,45,46] by spontaneously forming S = 1 AKLT-
like chains. Furthermore, it is known [47] that odd-integer
spin chains have topologically protected AKLT states. The
latter can also be realized as frustrated multi-odd-leg S = 1
tubes [48]. In essence, with caveats that our minimal model
does not consider, e.g., the nematic phase transition present
upon doping, our results are “just” doping of such systems.

Our findings reveal an astonishing robustness of the
Haldane physics of the S = 1 AFM chain upon hole doping
(topologically nontrivial orbital-RVB state) and its importance
for the pairing correlations even at significantly large doping
levels (x >~ 0.35). This is unexpected since such a phase is
fragile for pure spin models [49,50]. Furthermore, our results
encapsulate the main features expected in the superconduc-
tor’s phase diagram at zero temperature: doping the quantum
paramagnetic system leads to a finite region in which pair-
pair correlations are present. This is especially appealing for
U ~4W (U ~ 16t), for which we see the above behavior
for 0.1 < x < 0.3. Furthermore, for U ~ 2W and 0.2 < x <
0.35, the pair-pair correlation decays relatively fast, although
the binding energy is negative, eg < 0. One can associate this
with zero spin-gap Ag and preformed pairs in the vicinity
of a trivial-topological transition (which becomes coherent at
larger U, when Ag # 0, i.e., in the topologically nontrivial
region). However, our finite-size data cannot exclude a small
but finite Ag already in this region. Finally, it is worth not-
ing that the orbital-RVB state has a topological origin and
is protected from perturbations that do not close the spin
gap. Consequently, the specific values of the Hamiltonian
parameters like the Hund exchange Jy or details of the kinetic
energy and hybridization between orbitals will not change the
overall properties of the system, as was previously shown for
half-filling x = 0 [23].
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