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Transition-metal oxides have been a central subject of condensed matter physics for decades. In addition
to novel electronic states driven by the influence of strong correlation, relativistic spin-orbit coupling effects
have recently attracted much attention for their potential to explore topological phenomena. In this article, we
review various experimental and theoretical studies on transition-metal oxides with focus on thin films and
heterostructures where their physics is much influenced by correlation effects and spin-orbit coupling. The
combination of the heterostructure geometry together with correlation and topology leads to a variety of novel
states here reviewed. We also discuss perspectives for future research in this broad promising area.
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I. INTRODUCTION

Bulk transition-metal oxides (TMOs) have played a ma-
jor role in exploring novel electronic behaviors arising from
strong correlations, such as high-7. superconductivity in
cuprates and the colossal magnetoresistance (CMR) effect in
manganites [1,2]. Strongly correlated systems are those where
the electronic repulsion between electrons is larger, or at least
comparable, to the strength of the kinetic energy portion of the
Hamiltonian. In the language of the famous Hubbard model
that means U larger than W, where U is the on-site repulsion
and W the bandwidth of the bands induced by the hopping
portion of the Hamiltonian. In strongly correlated systems,
we cannot start a theoretical analysis assuming a dominant
hopping portion, because we are in the opposite limit U larger
than W. Thus, in this regime we have to resort to techniques
other than perturbation theory in U, such as expansions in
W/U, variational and mean-field methodologies, or a wide
array of computational techniques in finite clusters.

With advancements in thin-film growth techniques, the
study of correlated TMOs has entered a new stage. By tun-
ing the film thickness, combining different materials, and
introducing strain fields from substrates, researchers can mod-
ify the many-body electronic states of TMOs [3,4]. This
approach has been widely used to control the ferroelectric
behavior of titanate heterostructures [5], as well as the su-
perconducting and magnetic behaviors of manganite/cuprate
heterostructures [6—10]. Additionally, it has enabled the
study of interfacial magnetism and orbital reconstruction in
BiFeOs/(La, Sr)MnOj3 [11], and charge transfer and mag-
netism in iridate/manganite [12,13] heterostructures. Clearly,
at the interface of two correlated systems, one system may
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influence on the other and vice versa. Thus, novel states can
be found.

Magnetism influenced by spin-orbit coupling (SOC) ap-
pears in many contexts. In systems with broken inversion (P)
symmetry, which is relevant to TMO heterostructures, an an-
tisymmetric interaction known as the Dzyaloshinskii-Moriya
(DM) interaction (DMI) [14,15] emerges as an interplay
between correlation effects and SOC. This interaction is ex-
pressed as

How = — ) _Dj; - (Si x 8)), (1

(ij)

where D;; is called the DM vector. The competition between
the symmetric Heisenberg interaction and the DMI can in-
duce noncollinear spin configurations, such as spin spirals and
magnetic skyrmions [16—19]. These nontrivial magnetic tex-
tures can induce “real-space” Berry curvature in the electron
band structure, leading to the so-called topological Hall effect
(THE) [20]. Later in this review, these nontrivial magnetic
structures will be employed to generate a novel form of “frus-
tration,” inducing novel states.

Topological Hall effect in TMO heterostructures: By con-
trolling the stacking sequence of constituent materials, the
spatial inversion symmetry can be tuned, making TMO het-
erostructures a playground for exploring the THE associated
with chiral magnetic textures. The THE in TMO heterostruc-
tures has been reported for SrRuO;/SrIrO; bilayers [21]
(also see Refs. [22-24] for alternative interpretations), and
(La, Sr)MnO;/SrIrO; [25] and LaMnO3 /SrIrO; heterostruc-
tures [26]. Figure 1 summarizes the experimental results for
LaMnOj3/SrIrOs3 [26]. As shown in Fig. 1(a), such a het-
erostructure naturally breaks inversion symmetry, leading to
a net DMI, D¢y # 0, as illustrated in Fig. 1(b). The re-
sulting chiral spin texture, skyrmions, induces a real-space
Berry curvature, acting as an effective magnetic field B¢, and
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FIG. 1. Interfacial engineering of the DMI to control chiral magnetism in oxide superlattices. (a) Control of the inversion symmetry in
LaMnO;/SrIrO; superlattices by artificially modifying the interfacial termination. Conventional growth of a superlattice with a BO,-type
layer termination creates different top and bottom interface structures, leading to nonzero D.g as shown in (a). (b) A schematic illustrating an
effective DMI stabilized by chiral spin textures from multiple interfaces (Deg). (c) A schematic of the THE (pryg) that results from the Berry
phase accumulated by a charge carrier traversing a chiral spin texture. The latter acts as an emergent effective magnetic field (Be) in real
space. (d) Temperature dependence of the Hall resistivity (o) for the n = 5 u.c. superlattice varying the magnetic field. (e) The topological
Hall resistivity (orgg) shown as functions of temperature and applied field. (f) Temperature dependence of the maximum value of pryg.
Figure 1(a) is created using VESTA software [27]. Other figures adopted from Ref. [26].

induces topological Hall resistivity pryg; see Fig. 1(c). In the
actual experiment, pryg appears in the hysteresis loops of the
Hall resistivity oy, as shown in Fig. 1(d). In Figs. 1(e) and
1(f), prug is shown to increase with decreasing temperature.
In addition to the THE, the magnetic proximity effect in
(La, Sr)MnO3/SrIrO; heterostructures can induce spin polar-
ization in the SrlrOj3 region, leading to a large anomalous Hall
effect due to the significant Berry curvature in the presence of
SOC [28].

Semi-Dirac bands in TMO heterostructures: In addition to
breaking inversion symmetry at interfaces, lattice symmetry
in oxide heterostructures can be controlled by introducing
a strain field from a substrate. For itinerant electron sys-
tems, the band structure or topology and lattice symmetry
are tightly connected. One important consequence of such
an interplay when in the presence of SOC is the emergence
of nontrivial band topology, leading to topological insulators
[29-36]. Possible topological insulators in TMO heterostruc-
tures have been explored [37—42]. In a closely related subject,
band degeneracy protected by spatial symmetry has been a
fundamental topic of interest for understanding the physics
of various topological semimetals, such as Dirac, Weyl, and
nodal loop semimetals [43-52]. Protected band degeneracy
is also useful for efficient electronics utilizing high carrier
mobility associated with k-linear band dispersions.

For the TMO heterostructures, pioneering work predicted
semi-Dirac dispersions in TiO,/VO, nanostructures [53,54].
Following this proposal, an experiment demonstrated [55] that

TiO,/VO, superlattices undergo a metal-insulator transition
due to a structural transition, similar to what occurs in bulk
VO,. Thus, precise control of the lattice structure is key to
realizing novel band structures. Dirac semimetallic behav-
ior has been observed in bulk perovskite CalrO; with high
carrier mobility (6 x 10* cm? V~!s~1) [56]. Additionally, a
novel topological semimetallic state was predicted for bulk
perovskite SrlrOz with an orthorhombic structure, where bulk
Dirac nodal rings and surface zero-energy modes are protected
by mirror reflection symmetry [57].

Recently, high-quality thin films of StNbO3; were fabri-
cated, and it was observed that their carrier mobility is very
high (103-10° cm? V! s7!) [58]. As summarized in Fig. 2,
their magnetotransport results suggest that a Dirac semimetal-
lic state is realized in strained STNbQOs3. This material StTNbOj3
has a cubic perovskite structure when in bulk form, Fig. 2(a),
but a tetragonal distortion appears under compressive strain,
Fig. 2(b), as indicated by x-ray diffraction measurements, Fig.
2(c). The tetragonal distortion is characterized by half-order
peaks at (% % %) of x-ray diffraction indicating a ¢~ rotation
of the NbOg octahedra. From magnetotransport measurements
[Figs. 2(d) and 2(e)], a Landau fan diagram was constructed
as a function of the Landau level index N and 1/H in Fig.
2(f). As shown in panel Fig. 2(f), the 1/H vs N lines intersect
1/H = 0 at nonzero N, indicating a nontrivial Berry phase
originating from Dirac-type band crossings.

We also note that recent theoretical work showed that an
orthorhombic distortion is energetically more stable than a
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FIG. 2. Strain-induced Dirac metallic state in STNbO; thin films. Octahedral distortion patterns for (a) cubic StINbO; (a’a’a’ in the Glazer
notation) and (b) strained tetragonal StNbOj; (a’a’c™). Epitaxial strain induces octahedral distortion. (c) Octahedral rotation-induced half-order
superstructure diffraction peaks of (% % %) with L = 1, 3, 5 for fully strained (red, 7.2 nm, ¢~ rotation) and fully relaxed (blue, 130 nm, ¢’
rotation) STNbOj; thin films. r.Lu., reciprocal lattice unit. (d), (e) Results of quantum oscillation measurements with different samples, S1 and
S2. Panel (d) shows d?p/dH? as a function of 1/H under a magnetic field of up to 14 T for S1. The resistivity minima are assigned as integer
(fractional) Landau levels, as indicated by the arrows. Panel (e) shows AR as a function of 1/H under a magnetic field of up to 30 T for S2.
S1 and S2 samples show consistent behavior. (e) Landau fan diagram of the Landau level index N versus 1/H for four different samples; the
inset shows an enlarged view of the high-field region. All samples show linear behavior and 1/H vs N lines intersect 1/H = 0 at nonzero N,

indicating a nontrivial Berry phase. The figure is adopted from Ref. [58].

tetragonal distortion [59]. Thus, stabilizing metastable phases
during the thin-film growth process is crucial for uncovering
novel electronic states.

Lattice distortion and magnetism: As discussed in the
previous paragraphs, lattice distortion is quite common in
TMOs and can be controlled by heteroengineering. In many
cases, TM-O-TM bonds are distorted, and the inversion cen-
ter, originally located at O site in the middle, is lost. When
additional Néel-type antiferromagnetic (AFM) ordering is
present on TM sites, momentum-dependent spin splitting ap-
pears in the electron band structure. This novel possibility was
first pointed out for TMOs [60,61], and later many materials
have been identified to host such spin-split bands. This new
class of magnetism is now called “altermagnetism.” Since
many TMOs are magnetic, heteroengineering could play an
important role in this new research area. We will discuss this
possibility later in this article.

The purpose of this article is to present our theoretical
work on TMO heterostructures, focusing on the novel phe-
nomena induced by controlling the lattice symmetry and
geometry. Some of the efforts reported here aim to understand
the physics behind the above experimental results. We also
discuss future perspectives stimulated by the current topics
and related research areas. The rest of this article is orga-
nized as follows: In Sec. II, we focus on superlattices of
magnetic oxides. First, we discuss THE in manganite/iridate
heterostructures [62] relevant to the above experimental re-
sults. We then discuss further complexities in such magnetic
heterostructures, which could induce novel magnetic and elec-
tronic phase behaviors. In Sec. III, we switch to strained

oxides to discuss novel electronic behavior controlled by the
lattice symmetry, such as semi-Dirac and Weyl semimetals
[63]. The possibility of metallic altermagnetism in such
strained TMOs is also discussed here. In Sec. IV, we consider
trilayers of oxides grown along the [111] axis as an example
of heteroengineering of lattice geometry in TMOs and discuss
the possibility of higher-order topological superconductivity.

II. NOVEL ELECTRONIC PHASES IN SUPERLATTICES
OF MAGNETIC OXIDES

A. Skyrmions and topological Hall effects
in manganite/iridate heterostructures

In this subsection, we theoretically investigate the for-
mation of the skyrmion crystal (SkX) phase at the
(La, Sr)MnOs;/SrIrO; interface, as well as the influence of
noncollinear spin textures on the transverse Hall conductance.
Note that (La, Sr)MnOj; is widely used by experimentalists in
the field of oxide superlattices. For these purposes, we analyze
a spin-fermion model, where itinerant electrons and localized
spins are coupled via Hund interaction, using a Monte Carlo
(MC) simulation with the Metropolis algorithm, as detailed
in Ref. [62]. We confirmed the presence of a SkX phase with
Néel-type skyrmions within a range of magnetic fields, at low
temperatures. Thermal fluctuations give rise to a related phase
with spatially disordered nucleated skyrmions, known as a
skyrmion gas (SkG), which prevails outside the SkX phase
at higher temperatures and acts as a precursor to the SkX
phase upon cooling. Additionally, a metastable phase with
mixed bimerons and skyrmions (BM 4 Sk) appears at finite
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temperatures between the spin-spiral (SS) and SkX phases.
For more detail and references about bimerons see Ref. [62].

Specifically, we consider a square lattice which hosts the
essential features of (La, Sr)MnO; at the two-dimensional
interface with SrlrO;. Namely, it contains the intrinsic mag-
netism of the manganite layer, supplemented by the DMI SOC
induced by the proximity with the iridate layer. To describe the
hopping of electrons, we use a two-orbital double-exchange
Hamiltonian at infinite Hund’s coupling. As explained before,
the DM interaction arises from the influence of the iridate
layer. Then the resulting spin-fermionic Hamiltonian for the
(La, Sr)MnO;/SrlIrO; interface is given by

H=— Z (tsﬁQ,,c c],g—l—Hc ,chlTacia
(ij).o.B ia
2
—h. Y Si+AY [SH+ Hom. 2)
i i
Here cL (ciy) is the electron creation (annihilation) operator

at position r; and orbital «, and tl ; 1s the hopping amplitude
between orbital « at r; and orbital 8 at r;. For r; and r;

along the x direction, t‘j‘g takes the following form: 73 =

3P =3k = /3, tab(b“) = 3ty/4, with a and b representmg
the Mn e, orbltals do_yp and ds2_, tespectively [64]. 1

is the hopping amplitude between ds3,2_,» orbitals along the
z direction with an oxygen p, orbital in the middle. #, will
be taken as the unit of energy in the rest of this subsec-

tion. Reflecting the sign change of d,>_,» between the x and

y directions, t“b(b”) along the y direction has the opposite

sign. Q;; = cos(@ /2)cos(0;/2) + €@ =% sin(6;/2) sin(6;/2)
represents the renormalization of hopping due to the infinite
Hund’s coupling between itinerant electrons and localized
spins S;, which are treated as classical vectors using the
canonical polar and azimuthal angles, 6 and ¢, respectively,
as S; = S(cos 6; sin ¢;, sin 6; sin ¢;, cos 6;) with the amplitude
S = 3/2. The coupling A represents the easy-plane anisotropy,
originating from interfacial strain and Rashba SOC, which is
not explicitly included in the Hamiltonian above. A, is the
external magnetic field, applied perpendicular to the interface
plane. Hpmy is given by Eq. (1). For the current geometry, re-
flecting the mirror symmetry with respect to nearest-neighbor
(NN) bonds, i.e., M, ,, the DM vector is given by D;; = DZ x
r;;/Ir;;| with D being the DMI strength and r;; = r; —r;.

We analyze our theoretical model via classical MC sim-
ulations (for details, see Ref. [62]). In addition to the spin
configuration, we compute the skyrmion number Ny, spin
structure factor Sq, as well as Hall conductivity oy,. The
skyrmion number is given by

HS as
Ny = —/dxdyS . 3
8x 8y
The spin structure function is given by
1 [rij| <8 A
Sa=7% D (Si-Seam, 4

ij
where § is the radius of a circle around site { within which

all sites are considered to calculate the real-space correlation
function (S; - S;), and N = N, x N, is the total number of

lattice sites. We use the radius § up to N, /2. The Hall con-
ductivity is given by

eZJT

Oy = Zsz () f (€, (5)

where Q7 (k) is the o component of the Berry curvature vector
of the mth band, which is given by

(Wt | 0L 1 Wie) (Wi [0 1)

EnkFEmk
Q% (k
( ) (Smk - 8nk)2

m Z 80{,6}/

with &4, being the Levi-Civita antisymmetric tensor,
{a, B, v} € {x,y, 2z}, and vy being the velocity operator [65].

A typical phase diagram is shown in Fig. 3(a), revealing
five distinct phases: SS (spin spiral), SkX (skyrmion crystal),
BM + Sk (bimeron + skyrmion), SKG (skyrmion gas), and
FM (ferromagnetic), as discussed before. These phases exhibit
characteristic spin configurations, with snapshots shown in
Fig. 3(b) for SS, Figs. 3(c) and 3(d) for SkX, and Fig. 3(e)
for SkG. The spin structure factors are depicted in Fig. 3(f)
for SS, Fig. 3(g) for BM, Fig. 3(h) for SkX, and Fig. 3(i)
for FM. The SS and the SkX phases show, respectively, the
single-q (b) and triple-q (d) structures of the spin configura-
tion. Figure 3(c), for the BM+ Sk phase, displays a double-q
spin configuration, which is absent at 7 = 0. The FM phase
is identified by both the Bragg intensity /(qsy,) and the av-
erage out-of-plane magnetization M,. As shown in Fig. 3(f),
skymions do not form a regular lattice structure in the SkG
phase, thus this phase is not characterized by Sq. Nevertheless,
as shown next, this phase has finite Ny, which induces a
NONZETO Oyy.

Figure 4 summarizes the evolution of the magnetic phases
and its relation to o,,. At low T, the Bragg intensity /(q) at
different characteristic momenta reveal a sequence of phase
transitions that occur by changing /., as shown in Fig. 4(a).
Evidently, o,, becomes enhanced within a broader range of
h, than I(qs ), where q = (s is the characteristic momentum
for the SkX phase. Figure 4(b) contains plots of oy, and
the skyrmion number Ny as functions of T at h, = 0.27,
namely in a region where the SkX phase is stable at the
lowest T. Evidently, I(qs) drops faster with 7 than oy,
and Ny, indicating that the SkX phase exists at much lower
temperatures than the SKG phase. The critical temperatures
for the SkX and the SkG phases at i, = 0.27 are roughly
TS ~0.09 and T5*C ~ 0.19, respectively. The THE, al-
though it is the strongest in the SkX phase, also exists at
temperatures much above the SkX phase. There could be
other contributions to the THE, and one potential origin is the
skew scattering induced by the scalar spin chirality. The skew-
scattering induced THE appears near the transition to the SkX
phase and is reflected by a change in the sign of the Hall
conductance.

In Ref. [66], the spin dynamics is investigated using an
effective model, where the ferromagnetic Heisenberg model
is explicitly considered between localized spins, instead of a
double-exchange mechanism induced by the Hund coupling
between localized spins and itinerant electrons. It was shown
that a characteristic spin excitation spectra appears depending
on the magnetic phase. This behavior could be useful for

. (6)
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FIG. 3. (a) Temperature (7') vs magnetic field (k) phase diagram, revealing spin-spiral (SS), mixed bimeron + skyrmion (BM + Sk),
skyrmion crystal (SkX), skyrmion gas (SkG), and ferromagnetic (FM) phases. The color bar represents the normalized average magnetization,
perpendicular to the interface plane. Typical real-space spin configurations obtained during the Monte Carlo time evolution on a 20 x 20
cluster with open boundary conditions at different magnetic fields and temperatures given by (b) o, = 0, T = 0.001, (c) h, = 0.2, T = 0.001,
(d) h, =0.27, T = 0.001, and (e) h, = 0.27, T = 0.15, corresponding to the SS, BM + Sk, SkX, and SkG phases, respectively. The arrows
denote the in-plane components (Sy;, S,;) while the color bar represents the normalized perpendicular component of the magnetization S;.
Monte Carlo averaged intensity profile of the Bragg intensity /(q) for magnetic field values (f) 4, = 0 (SS), (g) h, = 0.2 (BM), (h) h, = 0.27
(SkX), and (i) h, = 0.37 (FM), characterized by qs, different q.’s and q, s, and gg, = 0, respectively. In these calculations, the strength of
DMLI, the hopping amplitude, and the easy-plane anisotropy are fixed to D = 0.1, #, = 1, and A = 0.05, respectively. The figure is reproduced

from Ref. [62].

identifying the underlying magnetic state and confirming the
existence of the SkX phase through inelastic neutron scatter-
ing spectroscopy. However, measurements with these small
samples are likely a factor 10 beyond current experimental
capabilities, such as the Spallation Neutron Source in the
United States, the Institut Laue-Langevin in France, the ISIS
neutron source in the United Kingdom, and J-PARC in Japan.
There are additional considerations such as neutron absorp-
tion, the background from the substrate scattering, bandwidth
of the excitations, achieving appropriate coverage in recipro-
cal space, etc., for a successful neutron-scattering experiment.
Nevertheless, such experiments are likely feasible at planned
or under construction next generation neutron sources, such as
the European Spallation Source or the Second Target Station
at the Spallation Neutron Source, Oak Ridge National Lab-
oratory, where improvements in instrumentation and neutron
flux are anticipated to result in performance gains in excess
of an order of magnitude. For further details on these future
experimental aspects, see Ref. [66].

B. A new kind of ‘“frustration”: General framework

After addressing novel concepts involving skyrmions, now
we move to the study of superlattices where a novel frustrating
mechanism could be found and produce other novel states. It
is well known that spin frustration in bulk materials can arise
primarily from two reasons. One is the presence of competing
interactions. For example, Heisenberg models can have the
canonical NN interactions, with coupling J;, among neigh-
boring spins. But for geometrical reasons and for overlaps of
orbitals of all the atoms participating in the chemical formula,
a realistic Hamiltonian may also require interactions at longer
distances, such as next-NN J, or next-next-NN J3, etc. Each
of these couplings, if alone in the Hamiltonian, would lead
to different spins patterns. When all are in combination, it

is difficult to predict what spin arrangement will emerge as
“compromise” ground state from these different tendencies
that cannot all be simultaneously satisfied. Even spin liquids
[67-70], with no long-range spin order, could arise from this
type of frustration.

A second common source of frustration is the shape of
the lattice. For example, for an AFM Ising model, it is
impossible to have a triangle of spins where each of the
three bonds is antiferromagnetically ordered. The situation
is more dramatic, of course, on an entire two-dimensional
triangular lattice. Once again, a compromise among the spins
must be found and often only numerical techniques are
suitable to find the true ground state under these types of
frustration.

Recently, a new general form of frustration has been pro-
posed where exotic magnetic phases can be created using
“interfacial phase frustration” via artificially grown superlat-
tices [71]. The primary idea is easy to explain. Consider a
multilayer system where the top and bottom layers are fixed to
configurations that are not compatible with one another, such
as having FM ordering at the top layer and AFM ordering at
the bottom layer as illustrated in Fig. 5(a), and having stripes
in one direction at the top and in a perpendicular direction
at the bottom as discussed in depth later as illustrated in
Fig. 5(b). The latter situation could be realized in superlattices
involving manganites and iridates, Fig. 5(c). All the layers in
between will need to readjust their spin orientation to partially
satisfy the constraints imposed at the top and bottom, thus in-
ducing new twisted magnetic and charge orders that, often, do
not exist in real individual materials and can only be induced
in the above-mentioned frustrated superlattices. In particular,
the layer exactly in the middle between the top and bottom
fixed spin configurations is the most affected, and where the
most exotic states are expected. This method provides a novel
playground to realize unconventional magnetic phases that do
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FIG. 4. Evolution of the topological Hall effect characterized by
a finite o,, induced by the skymion formation as functions of (a) h,
at T =0.01 and (b) T at h, = 0.27. In the SkG phase, the Bragg
intensity /(qs) is reduced, but the skyrmion number Ny remains
finite, leading to a nonzero Hall conductivity oy,. This figure is
reproduced from Ref. [62].

not exist in single crystals. Of course, while it is easy to create
the “bottom” layer by growing particular spin configurations
on a fixed substrate, placing the floating fixed top competing
layer is challenging and hopefully experimentalists could find
a way to handle this issue, motivated by the theoretical results
reviewed here. As additional motivation, we have found that
sometimes in these frustration-induced novel phases the spin
chirality-driven topological Hall conductivity can be largely
enhanced [20,72]. For details and further references about
this issue, the readers should consult the original publication
Ref. [71].

While the primary idea was described in detail in Ref. [71]
here we will only focus on one example, for simplicity. In
Fig. 5, a sketch of the proposed platform is shown, with
two different 5d compounds at top and bottom, such as
SrIrO; and CalrO; with robust DMI coupling. The ensemble
also includes metallic lanthanum manganites La;_,Sr,MnO3
(LSMO), which is a widely used material in the field of artifi-
cially grown superlattices. Manganites were originally much
studied because of the discovery of the colossal magnetoresis-
tance (CMR) where relatively very small magnetic fields can
change their resistivity by many orders of magnitude [73,74].
Later it was discovered that manganites are ideal materials for
this type of novel frustration ideas because of the wide variety
of phases that they display, particularly when Sr is replaced by
Ca [75-84]. The iridate components, with Ir being in the 5d
row of the periodic table, contain a robust spin-orbit coupling

rial, even if Mn is a 3d element with weak spin-orbit coupling.
In this context, a variety of magnetic phases, including a spiral
or a skyrmion crystal [18,62,86—-89] with various radii can be
induced, as our work has shown, depending on the doping
level in the LSMO and the DMI strength transmitted at the
iridate/LSMO interfaces.

When two different magnetic phases are realized in the two
LSMO layers next to the top and bottom iridates, due to their
influence but with top and bottom having different strengths
D, an unconventional magnetic phase will arise at the center
(this center layer is indicated with light green in Fig. 5).
Our proposal was confirmed by performing MC calculations
using a relatively simple spin Hamiltonian for a magnetic
multilayer, given by

'H:—JZS,"SJ"FHDMI_AZZ\SiZ

(i) i

2
’

@)

which contains ferromagnetic Heisenberg interactions (be-
cause LSMO is assumed to be in the doping range where
ferromagnetism dominates) of strength J. The Hamiltonian
also contains a DMI term induced by proximity to the iri-
dates of strength D, as already discussed. In addition, uniaxial
anisotropies of strength A,, that are often present in many
superlattices due to compressive strain, were included in the
model.

In our original publication, we considered three cases and
obtained three unconventional magnetic phases in all of them:
(1) a checkerboard skyrmion crystal (CSkX) that appears from
the competition between two orthogonally aligned spin spi-
rals, (i1) an incommensurate skyrmion stripe (ISkS) that arises
from the competition between a spin spiral and a triangular
skyrmion crystal, and (iii) a ferrimagnetic skyrmion crystal
(FSkX) that arises from the competition between a triangular
skyrmion crystal and a standard antiferromagnet. The CSkX
case, which will be our focus below, is particularly interesting
because it is created without any external magnetic field and is,
therefore, promising for spintronic applications. Furthermore,
we found this CSkX produces a large THE, induced by a
nonzero scalar spin chirality, which is absent in the competing
spin spirals. Thus, chirality can arise from nonchiral compo-
nents.

C. Specific example with orthogonal spin spirals
at top and bottom

Consider two spin spirals as the top and bottom layers of
the multilayer system described above. The spin spiral phase,
generated by a finite DMI even in the absence of magnetic
fields or uniaxial anisotropy, has two degenerate spiral solu-
tions, aligned mutually orthogonal to each other. One of these
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(a)

SrlrO;

LSMO 1
New phase
LSMO 2

CalrO,

FIG. 5. Schematic illustration of a multilayer to realize “interfacial phase frustration.” Examples of possible realization induced by the
competition between FM and AFM layers (a) and by the competition between spin spirals with different orientations (b). (c) A magnetic
multilayer, involving different 5d compounds at top and bottom, and LSMO layers from Ref. [71]. Our theory predicts that an emergent
novel phase will appear in the middle layer (green), between two LSMO layers each influenced by two different 5d compounds, namely, with
different DMI strengths or different spiral orientations. The central “green” layer is the most frustrated by the competing tendencies from above

and below.

two preferred directions can be realized by strain mismatching
[90,91], but considering that they are energetically degenerate,
multiple trials are required to obtain the desired and stable
configuration, where top and bottom layers have oppositely
oriented stripes. In our actual MC calculations, these two
spin spirals were spontaneously generated along the preferred
directions by applying a small in-plane anisotropy (for details
see Ref. [71]).

Figure 6 shows the spin configurations at different layers
of the considered five-layer heterostructure. The competition
between the two spin spirals, fixed at top and bottom as in
Fig. 6(a), produces an unconventional checkerboard skyrmion
crystal (CSkX) at the center. This is the most surprising result
of the study. The spin structure factor is shown in the inset of
Fig. 6(b) and is compatible with the real-space main figure in
Fig. 6(b), where an array of squared skyrmions is shown,
as opposed to the conventional circular skyrmions forming a
triangular lattice when in the absence of the new frustration ef-
fects discussed here in previous pages. To our best knowledge,
this configuration is new and was never seen before in the
context of skyrmions, highlighting the novelty of the concepts
discussed here: new states can be created via artificially grown
superlattices that do not have an analog in single crystals or
in films.

(b) Interfacial layer

We finish this subsection with technical details about the
MC simulations. We performed an “annealing” slow reduc-
tion in temperature from high temperature, to obtain the
ground state spin configuration in the discussed magnetic
multilayer. It is crucial to use annealing, otherwise the system
can easily get trapped in metastable configurations due to the
complexity of the magnetic orders in the various layers. We
consider periodic boundary conditions in plane, open bound-
aries in the z direction, and use the Metropolis spin update
procedure. Specifically, during annealing we started at a high-
temperature 7 = 5J, where J is the Heisenberg coupling, and
very slowly reduced the temperature down to 7 = 0.001J.
At each temperature, a huge number of MC spin updates,
typically of the order of 10'!, were performed to avoid being
trapped in metastable states. The ground state magnetic con-
figurations at the top two and the bottom two layers in our
five-layer structure were first stabilized by performing MC
annealing, without any communication between the top two
and bottom two layers. Next, we switched on the interlayer
coupling between all the layers and perform MC annealing in
the entire multilayer system. During this process, we started
from a completely random spin configuration at the middle
layer, thus the results shown in Fig. 6(b) are totally unbiased
and emerge from the new form of frustration described here.

Top layer Bottom layer

FIG. 6. Checkerboard skyrmion crystal. (a) Plot of the z component of the spin S, obtained via MC annealing, in a five-layer heterostruc-
ture. (b) Spin configuration of the frustration-stabilized checkerboard skyrmion crystal (CSkX) at the central layer (z = 3). This is the most
important result of this figure, because this phase was never stabilized in any other context than the one provided here. Panels (c) and (d) are
the canonical spin spirals at the top layer (z = 5) and the bottom layer (z = 1), oriented along mutually orthogonal diagonals. The small
imperfection in panel (c) simply shows that the configuration was MC generated, as opposed to being created by hand. The inset in panel
(b) shows the central layer spin structure factor S(g) within the first Brillouin zone, revealing a double-g magnetic order. The parameters used
in the classical Hamiltonian MC study are D = J, A = 0, J = 1. For details see Ref. [71].
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FM A-AFM

G-AFM

C-AFM E-AFM

FIG. 7. Schematics of magnetic ordering in perovskite mangan-
ites. Top row: Ferromagnet (FM), A-type AFM (A-AFM), G-type
AFM (G-AFM), C-type AFM (C-AFM), and E-type AFM (E-AFM).
E-AFM pattern alone cannot fill three-dimensional lattice. The com-
bination of C-AFM and E-AFM, i.e., CE-AFM, is often observed in
manganites.

D. Prediction of novel phases in narrow-bandwidth
superlattices of manganites

Because of the simultaneous participation of several de-
grees of freedom in TMOs, such as spin, charge, orbital, and
lattice, it is expected that artificial multilayer structures made
of these materials will exhibit much richer physics than in
conventional semiconductor heterostructures.

Among several efforts in the recent past, there was
considerable interest in the analysis of RMnO3;/AMnO;
(RMO/AMO) heterostructures, where R = La, Pr,... is a
trivalent rare earth and A = Sr, Ca, ... is a divalent alkaline
element. For more details see the following Section. Bulk
manganites exhibit a variety of magnetic ordering as schemat-
ically shown in Fig. 7. At low temperatures, the bulk RMO
is in a so-called A-type AFM state, A-AFM, involving FM
layers one over the other with spins pointing in opposite
directions. Thus, while in plane they are FM, between planes
they are AFM. This A-AFM state is an insulator. Meanwhile
the bulk AMO is in a G-type AFM state, with the canonical
staggered AFM order in all three directions, that is also an
insulator. Upon doping, experimentally it is known that the
alloy R;_,A,MnOj3 does exhibit a wide variety of states de-
pending on the doping concentration x, which controls the
electronic charge density in the alloy (see Refs. [78-81,92-94]
and references therein). References [78-81] focused on Jahn-
Teller-type electron-lattice coupling, while Refs. [92-94]
focused on electron-electron interactions to induce various
spin and orbital ordering.

However, the heterostructure RMO/AMO could potentially
behave differently from its parent bulk compounds, even
when they are doped. For instance, the transfer of charge
through the interface caused by the different Fermi energies of
the superlattice components (different work functions [95]),
and concomitant different electronic density concentrations,
surely will cause a distribution of charge that is not homoge-
neous along the growth direction. Hence, several states may
exist in different regions of the heterostructure. As shown
below, some of those states may not even have an analog in
crystals of doped manganites, which is surprising.

In previous publications, we used the two-orbital double-
exchange model for manganites, which has been successfully
applied to the study of bulk Mn oxides for decades, to
the analysis of RMO/AMO heterostructures. In addition to
spin-dependent hopping influenced by the direction of lo-
cal magnetic moments, as described by the first term in
Eq. (2), the theoretical model includes the AFM superex-
change interaction between neighboring spins as described
by JAF > Si-S; and Jahn-Teller coupling (see Ref. [80]
and references therein). These heterostructures are assumed
to be grown along the [001] direction, namely the z axis. We
here also assume that the length of the heterostructure is long
enough that the states at the two ends of the heterostructure
resemble closely their bulk counterparts, i.e., an A-AFM state
at the RMO side and a G-AFM state at the AMO side. This
assumption allowed us to simplify the analysis and focus on
what state is stabilized at the only interface present in the
heterostructure.

One of the main novel results of our study is the observa-
tion of states close to the interface that do not have an analog in
experimentally known bulk doped phase diagrams [96] (also
see Fig. 7). These states arise as interpolations between, for
example, the A-AFM and CE states that dominate in the bulk
and interfaces, respectively. The CE state was introduced long
ago by the late J. Goodenough [97], and contrary to some
misconceptions “CE” does not mean correlated electrons (see
Ref. [80] and references therein). It is just a notation to label
various AFM states that used the first letters of the alphabet.
CE, in particular, refers to a quite exotic state involving zigzag
chains, one next to the other. Each zigzag chain has all its spins
oriented along the same direction, so each zigzag chain is FM.
But the next zigzag chain points in the opposite direction.
Thus, overall this is a complex form of AFM order, regarding
the spin. Also each zigzag chain has orbital order and its
charge is not distributed uniformly. For details, we refer the
reader to Ref. [80] and references therein. Thus, this CE exotic
state is not only AFM, but it is also charge and orbitally
ordered.

One of the biggest surprises of our theoretical study of
heterostructures involving Ca replacing La, contrary to the
far more common Sr replacing La, was the observation of
“canting” of the spins in the CE zigzag chains creating a
never observed before, neither theoretically nor experimen-
tally, canted CE state. In this respect, this analysis of Ca-based
manganite heterostructures lead to similar conclusions as in
the previous section involving heterostructures that produced
exotic skyrmions: because of the new third form of frustration
described before, the superlattices can stabilize novel states
that have never been seen before in individual crystals.

In our calculations reviewed here, the charge transfer
through the interface is taken into account via the self-
consistent solution of the charge density considering the
long-range electrostatic Coulomb potential. For the het-
erostructure discussed here, the charge always transfers from
the A-AFM side (with x = 0) to the G-AFM side (with
x = 1), as common sense indicates. To properly describe the
charge transfer, the long-range Coulomb interaction among
the mobile e, electrons of the manganites, as well as with the
positively charged ionic background, must be included into
the Hamiltonian at least at the mean-field level. Details can be
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the important ones for our discussion, namely, the A-AFM phase at
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fort, yet conceptually it is straightforward. Similar theoretical
phase diagrams were reported in Refs. [92-94] focusing on
strong correlation effects.

To analyze the results of the heterostructures, it is impor-
tant to remind the readers of the phase diagram of the bulk
two-orbital model, which is shown in Fig. 8, using special sets
of parameters as illustration. This phase diagram is a theoret-
ical one, arising from computational studies, but resembles
the experimental one (see, for example, Refs. [74-77]). Once
again, for finer details we refer the reader to Ref. [96] but
sufficient is to notice the vast number of phases obtained vary-
ing the electronic density. This includes A-AFM, G-AFM,
C-AFM, E-AFM, CE-AFM, and FM states. The results were
numerically obtained on a finite cluster. Note that there could
exist even more exotic states in the phase diagram, such
as the C,E |_, state (see Ref. [80] and references therein).
However, for simplicity our interest will be mainly on the
A-AFM state stabilized at electronic density n = 1, the CE
and A-AFM states at n = 0.5, and the G-AFM state at n = 0
(where n = 1 — x). We point out that the bulk phase diagram
found theoretically consists of G-AFM, C-AFM, CE, FM,
and A-AFM phases consecutively from low to high elec-
tronic densities, correctly resembling the phase diagram of
real narrow-to-intermediate bandwidth bulk manganites found
experimentally.

The primary “punchline” of our publication Ref. [96] are
the states that we found numerically in our simulated interface
between the A-AFM and G-AFM states at both extremes. For
the system that we solved numerically via the self-consistent
Poisson equation, the spin configurations for each of the 8
layers in the system are shown in Fig. 9. Consider first the
layers Z = 1 and 2. They represent the A-AFM portion of the
ensemble with n close to 1. Clearly, the spins at these first
two layers are primarily FM for each layer and opposite to
each other with respect to one another, as in the A-AFM ar-
rangement, although Z = 2 already starts showing some slight

FIG. 9. Monte Carlo optimized classical spin configuration of a
4 x 4 x 8 cluster using as model the double-exchange, character-
istic of all manganites, in combination with classical Jahn Teller
distortions, which are prominent for Ca-based manganites. Figure re-
produced from Ref. [96] where more details, such as couplings used,
can be found. The label Z is for the eight layers studied simulating
the direction of superlattice growth. For Z = 1, 2, the spins are very
close to an A-AFM state, as it occurs at zero hole doping in i.e.
LaMnO;. For Z = 6-8, the spins are very close to a G-AFM state
as it occurs at full hole doping in, e.g., CaMnOs;. The electronic
density at layers Z = 3-5 smoothly evolves from those two limits.
In particular, Z = 4 corresponds to LaysCagsMnO; where the CE
state dominates, as shown by the blue and red dotted lines guid-
ing the eye indicating the zigzag chains characteristic of this state.
The novelty of this effort is located at both layers Z = 3, 5, but is
the most prominent at Z = 3. In this layer, there are clear zigzag
lines resembling the CE state, due to the influence of layer Z = 4.
However, the Z = 3 state has a net nonzero magnetization along the
horizontal axis, because of the influence of layers Z = 1, 2, namely
the A-AFM state. The Z = 3 result is a never-seen-before “canted”
CE state which can only be realized in a superlattice geometry, and
has no analog in bulk manganites.

noncollinearity. At the other extreme, consider Z = 6,7,8.
They are clearly antiferromagnetically staggered, although
again Z = 6 has slight deviations from perfect collinearity.
Here the total number of layers has been chosen to be eight to
investigate the effect of new frustration. As discussed below,
this appears in a relatively narrow region, whose thickness is
three or four layers. In principle, any thickness should display
qualitatively similar results as long as the total thickness is
much larger than 3—4.

The most interesting results are in layers Z = 3,4, 5: First
of all, the red and blue dashed lines help in guiding the eye for
the readers to easily recognize the zigzag chains characteristic
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of the CE phase of bulk manganites at n = 0.5, even though
neither the nominally n = 1 or n = 0 used in the initial setup
display the CE arrangement. The intuitive reason is easy to
explain. Simply to preserve charge neutrality properly, the
electronic charge of the mobile electrons must rearrange it-
self at the interface to satisfy the Poisson equation. Then,
spontaneously, the electronic density at the interface is very
close to n = 0.5, by symmetry, a density conductive to the
CE arrangement. For more details see Ref. [96]. Important is
to note that while Z = 4 is virtually a “perfect” CE state, the
other layers Z = 3 and 5 are not perfect. In particular, focus
your attention on Z = 3. In this case, the typical zigzag chains
of the CE state can be easily identified, but now the spins
have acquired a clear canting along the horizontal axis caused
by the proximity to the FM layer Z = 2. Namely, Z =3 is a
compromise between the states in Z = 2 and Z = 4.

Thus, layer Z = 3 is an exotic interpolation between the
extreme cases of the FM layers of the A-AFM state at one end
and the CE state at the interface. This canted CE state is not
present in the bulk phase diagram, neither theoretically nor ex-
perimentally. Thus, there is no evidence that the “canted CE”
state exists in bulk form in real experiments, and, thus, could
only be created using artificial manganite superlattices. This
example, consequently, belongs to the same universality class
as the previously discussed “exotic” skyrmions found when
at the top and bottom of the ensemble stripes in orthogonal
directions were used. The results in Fig. 9 provide another
example of the novel third frustration mechanism explained
in previous sections, and it would be interesting for experi-
mentalists to confirm these intriguing theoretical predictions:
new states of matter can exist in superlattices due a new third
type of frustration.

E. Metallicity in superlattices induced by mixing
insulating components

In the same spirit as in the examples given above, we end
this section by addressing a case where the components of
the superlattice are insulators when in bulk form, but when in
individually sufficiently thin superlattices then the ensemble
becomes metallic, which is a remarkable result [98].

Intuitively, the story is simple to express. Suppose that
experimentally a superlattice of LaMnO3 and SrMnOj is cre-
ated, as illustrated in Fig. 10. Both of these materials are
known to be insulating when in bulk form. LaMnOj; has both
spin and orbital order, while StMnO; simply has AFM spin
staggered order. Then, we will create a superlattice involving
both insulating materials in a proportion 2:1 (LMO:SMO).
The reason for this number is that the average electronic
density then would be two-thirds of the electronic density of
LMO alone, and in the bulk phase diagram of manganites
that places us in the metallic region, opening the possibil-
ity of metallicity emerging from insulating components (see
Refs. [78-81] and references therein). Namely, a new phase
can be created from individual building blocks that do not
have the properties of the resulting ensemble. Note that this
result is not obvious. In the alloy form there is an intrinsic
disorder due to the alloy nature of the compound, while in
superlattices at least some partial order, the one in each layer,
is restored. Another important detail to remind the reader is

(a) (b

BB

LaMnO3; SrMnO;
i S T
T 2n n 0_ w2 i

FIG. 10. Superlattice studied theoretically in Ref. [98]. The com-
ponents LaMnO; and StMO; are in proportion 2:1. Panel (a) gives
two thick examples of a superlattice. In this case global metallic-
ity is not obtained. But for sufficiently thin cases, several of them
one after the other, a global metallic sample is obtained because
of the inevitable transfer of electronic charge from SMO to LMO,
or equivalently hole charge from LMO to SMO. Panel (b) repre-
sents schematically an atomic plane-by-plane detail of the interface.
The sketch below panel (b) represents a potential V that effectively
achieves the expected transfer of charge. Rather than using the far
more challenging self-consistent Poisson equation procedure of the
previous subsection, in this project we used our physical intuition
and introduced by hand the potential V, adjusting its specific value
to reproduce the experimental results. Fortunately, fine tuning of V
is not needed. Qualitatively, in practice adding V is then almost the
same as solving the far more involved Poisson equation. The benefit
of using V is that it allows to study larger systems.

that LaMnO3; while widely considered an A-AFM insulator,
can also be a FM insulator when affected by strain. In fact,
LMO thin films when grown on an appropriate susbtrated are
FM (see Ref. [98] and references therein). The orbital order
in both cases remains staggered, as well as their insulating
character. In the following, we will describe some details of
the calculations.

The Hamiltonian used in this study can be found in the
original Ref. [98], but here it will be described qualitatively.
It contains the canonical double-exchange term characteristic
of manganites, regulating the movement of e, electrons in
the presence of the t,, spins, the latter widely assumed to
be classical for simplicity in theoretical calculations. More-
over, the #,, spins interact among themselves with a strength
that appears to be weak in value, yet it produces important
qualitative changes in the phase diagram. Finally, we have
the combination of the global chemical potential, used for
the global electronic population, in addition to the inhomoge-
neous potential V as described in Fig. 10 which qualitatively
mimicks the effect of the long-range Coulomb interaction.
This term redistributes charge moving electrons from LMO
to SMO (remember that La is in a valence 3+ while Sr is in
24). This effective potential replaces the use of the Poisson
equation self-consistent procedure which is far more demand-
ing regarding computer time.

Overall, the resulting Hamiltonian is studied via Monte
Carlo simulations on the classical localized f,, spins as well
as on the lattice oxygen distortions (not quantized). In spite
of the classical assumption, this task is still computationally
challenging because any local change in the classical variables
requires a full rediagonalization of the fermionic sector. For
technical details see Ref. [80]. Specifically, clusters of sizes
4 x 4 x 12 were employed. The charge density, spin structure
factor and conductivity were calculated (see Ref. [98] for
details).

In Fig. 11, details regarding the charge distribution, as
well as the spin order, for different values of the thickness
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FIG. 11. (a) Charge modulation in the superlattices for different
values of the parameter V' (see color convention at the bottom panel)
that regulates the charge spreading, mimicking the effect of the
long-range Coulomb interactions. The two horizontal lines denote
0.5 and 2/3. (b) In-plane spin structure factor for V = 0.9. In both
(a) and (b), pink bars denote SrO layers in the (LMO),,/(SMO),
superlattice, while LaO layers are not highlighted. Readers should
focus on the two top panels of both (a) and (b). In the top panel of
(a) clear evidence of charge nearly uniformly distributed at value 2/3
is given, together with a FM spin structure factor as shown in the top
panel of (b). This is the most clear case (very thin components) where
the combination of two materials with rather different properties
produces an ensemble that is nearly uniform. For a more detailed
description of the results in the other panels, we refer the readers to
the original Ref. [98].

n are provided. For thin individual components of LMO and
SMO, the charge can sufficiently spread to be almost uniform
at a value n = 2/3, which in the bulk phase diagram corre-
sponds to a FM metallic state. This is compatible with the
values found for the spin structure. As expected, in the same
figure it is shown what occurs as the thickness of each compo-
nent grows. Eventually, as this thickness becomes sufficiently
large, each component LMO or SMO maintains its original
bulk properties, and no longer the ensemble behaves as a new
material but it is simply the obvious mixture of two insulators.

The issue of the global conductivity of the ensemble is
more subtle and will not be reproduced here. Once again,
for details, see Ref. [98]. However, qualitatively it is clear
that a metal to insulator transition can occur in the theoretical
simulation as the thickness of the components grows, as found
experimentally [99-102], providing yet one more example
where from components with special characteristics, for suf-
ficiently thin superlattices the global ensemble can behave
entirely differently.

We also note that the emergent metallic behavior in
superlattices of different insulating compounds is quite
universal, not specific to the model considered here. In
Ref. [103], the emergent metallic behavior is predicted for
Mott-insulator/band-insulator heterostructures, relevant to the
experimental results reported in Ref. [3]. The many novel
electronic phases discussed in the subsections of this sec-
tion are indeed a manifestation of “electronic reconstruction,”

i.e., emergence of electronic phases, that differ from the bulk
electronic phases, in heterostructures introduced in Ref. [4].

III. THEORETICAL ANALYSIS OF SEMI-DIRAC BANDS
IN TETRAGONAL TRANSITION-METAL OXIDES

We now turn to the investigation of novel electronic states
realized in strained TMOs. Specifically, we consider StNbOj3
with the tetragonal symmetry, as experimentally studied in
Ref. [58]. In contrast to the e, electron systems discussed
in the previous sections, f;, electron systems are considered.
As shown later, this allows one to include the SOC explicitly
using the atomic-like form. By contrast, the atomic-like SOC
in e, electron systems is activated when the local symmetry
is lowered as discussed in Ref. [37]. After analyzing the
electronic property of tetragonal StNbO3, we investigate the
effect of magnetism using the effective model for tetragonal
o TMOs. We will see this could lead to Weyl fermions and
altermagnetism.

A. Density functional theory analysis

To begin with, we analyze the electronic structure us-
ing ab initio density functional theory (DFT) to gain
material specific information, which could be useful for con-
structing an effective model, as discussed later. For this
purpose, we use the QUANTUM ESPRESSO code with
the plane-wave pseudopotential method [104]. We adopted
the Perdew-Burke-Ernzerhof generalized gradient approxima-
tion exchange-correlation functional [105], a 16 x 16 x 16
Monkhorst-Pack grid, and a plane wave energy cutoff of
600 eV. Starting with the experimental lattice constants a =
b=5.518A and ¢ = 8.280 A [58], we performed a full op-
timization of the crystal structure using a force convergence
criterion of 1073 eV/A.

The band dispersion of tetragonal StNbO; with finite SOC
along high-symmetry momenta is shown in Fig. 12(a). The #,,
orbitals of the Nb 4d orbital predominantly populate the Fermi
level, similar to cubic StTNbQOj3. Due to zone folding, the bands
along the P-N momentum direction are fourfold degenerate
without SOC, creating line nodes. When SOC is introduced,
the degeneracy of these nodal lines is lifted everywhere except
at high-symmetry points, as shown in Fig. 12(b). The TRS and
nonsymmorphic symmetry protect the semi-Dirac degeneracy
at the P point at E ~ 0.0662 eV. Three other Dirac points ap-
pear at the N point above E = 0.5 eV. Since these Dirac points
are away from the Fermi level, they may not be accessible to
transport. Therefore, we focus on the semi-Dirac point at the
P point. However, replacing Nb with another transition-metal
(TM) element, such as Mo, can tune the Fermi level close to
the Dirac points at the N point. The Fermi surfaces of the spin-
orbit coupled #,, orbitals are depicted in Figs. 12(c)-12(e).
Due to the linear dispersions near the semi-Dirac point, a
small chemical doping or gating can tune the Fermi level to
the semi-Dirac point, creating the possibility of obtaining a
quantized Berry phase and very high-mobility conduction.

B. Tight-binding analysis

To gain insight into the nature of semi-Dirac dispersions in
I, perovskite TMOs with the /4 /mcm crystalline symmetry
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presence of spin-orbit coupling, through various high-symmetry mo-
menta in the Brillouin zone. (b) Expanded view of the dispersion
along the P-N direction, without and with spin-orbit coupling. (c)—(e)
The three Fermi surfaces of the spin-orbit coupled f,, bands at the
Fermi level. The semi-Dirac point (sDP) is denoted by the dashed
circle at the P point in (a) and by the yellow dot in (c). The figure is
adopted from Ref. [63].

and to carry out further analysis, we develop an effective tight-
binding Hamiltonian as

Her = Hrp + Hcps + Hsoc. (®)

For the sake of simplicity, we define the local orbitals
as {a, b, c} = {d,;, d.x, d\,}, and denote the hopping integral
from orbital B to « along the r direction as t; P This leads to
the following tight-binding Hamiltonian:

Hrg = — Z Z [/?k/fjcguaocjlsf” (9)

i.j a,B,0

where ¢jqq (czw) is an annihilation (creation) operator of an
electron on « orbital at position r; with spin o. ikl denotes the
hopping direction r;; viar;; = h& + k9 + [Z. Under the tetrag-
onal distortion, the crystal field splitting is allowed between a,
b, and c as

Hcrs = Z{%b(cjmcma + C;,,,Ciba) +eccl Cicod,  (10)
i,o
where a and b remain degenerate in the /4/mcm symmetry.
Finally, the spin-orbit coupling is included using the atomic-
like form given by

A
. ¥
Hsoc = DO ieapychg0locipe. (11

i apyoo’

where o7 is the Pauli matrix, and y = a, b, and ¢ should be
interpreted as x, y, and z, respectively.

A typical dispersion relation of this theoretical model is
plotted in Fig. 13. For the hopping parameters, we consid-

_ b _ _ _bb _ gec
ered £, 001 = 100,001 = 100,010 = > 150 = To10 = o1 = 0.17,
Y bd _ o _ _ b _

fo01 = —toor = 0.2¢, 1{jo = 151, =ty = 0.2¢, 1§,
0.2t, tlalbo = _t1aibo =0.2t,1{5 = tfgi = 0.2¢. Here some of the
off-diagonal hopping parameters along the z direction explic-
itly depend on the sublattice index as indicated by 7, and 724,

Other hopping parameters are related to the above parameters

_ b _
=t =

A ] s N S,
S~~~ =
1 LN

FIG. 13. (a) Band dispersion of the 1, tight-binding model
through high-symmetry momenta in the Brillouin zone (b). (c)—(g)
Expanded view of the dispersions across semi-Dirac and Dirac points
at the P point and the N point.

by the Cy4, rotational symmetry or zero. Other parameters are
&, = 0.2t and A = 0.5¢. Note that this tight-binding dispersion
relation qualitatively reproduces the DFT dispersions, in par-
ticular the semi-Dirac dispersions at the P point and the linear
Dirac dispersions at the N point.

Detailed analyses on the fourfold degeneracy at the N and
P points, i.e., Dirac band crossing, are provided in Ref. [63].
Glide Gy, ,; symmetries protect the spin degeneracy at the N
point, where G, ;; consist of the mirror reflection about k, F
ky, = 0 planes and half lattice translation along the z direction.

Breaking the TRS in a Dirac semimetal splits the spin
degeneracy, leading to a magnetic semiconductor or a Weyl
semimetal [51]. Such a possibility in tetragonal STNbO3z was
discussed in Ref. [63]. Here we demonstrate this behavior us-
ing our effective model. We introduce a uniform Zeeman field
along the z direction, represented by — > hum-aclTM Ciao
with Ay = 0.2¢. The resulting band dispersion is shown in
Fig. 14(a), where Dirac band crossings originally seen at the
P point and the N point split, leading to Weyl band crossings.
Due to spatial inversion (P) symmetry, the Weyl points ap-
pear as pairs at the same energy but with opposite chirality
between k and —k, as depicted in Fig. 14(b). Near the P
point, a pair of Weyl points between the second- and third-
lowest bands appear at (7,0, 7 /2% 8p) with 6p ~ 0.027
as shown in Fig. 14(c). Near the N point, a pair of Weyl
points between the second- and third-highest bands appear at
(7‘[/2 + (SNJ, 7'[/2 + SN,I’ 7'[/2 F (SN’Z) with 51\1_1 ~ 0.027 and
dy.2 ~ 0.05m, as shown in Fig. 14(d).

To check the chirality of the Weyl points, we analyzed
the Berry curvature vector given by &, = (27,, ank, Q).
Q2 are computed using Eq. (6). As shown in Figs. 14(e) and
14(f), R, have sources (indicated by red or green dots) and
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FIG. 14. (a) Band dispersion of the 1,, tight-binding model with
the uniform Zeeman field along the z direction. Eight sets of Weyl
points appear near the P or the N points as indicated in (b). Panels
(c) and (d) show dispersions of the second- and third-lowest bands
near the P point with k, = 0 and the second- and third-highest bands
near the N point with k, = k,, respectively. Red and blue (orange and
green) dots form pairs of Weyl points with the opposite chirality, as
indicated by the source or the sink of the normalized Berry curvature
vectors 2,,(k)/|,,(k)| shown in (e) near the P point and (f) near the
N point.

sinks (blue or green dots), corresponding to the positive and
negative chirality, respectively.

In TMO heterostructures, the time-reversal (7)) symmetry
breaking (and additional symmetry breaking) could be in-
duced spontaneously by correlations or externally by using a
magnetic substrate.

C. Possible altermagnetism

In our discussions so far, we have established that lat-
tice distortion in TMO oxides can be controlled by strain.
Specifically, TM-O-TM bonds are distorted under compres-
sive strain, resulting in the loss of the inversion center
between NN sites. Tetragonal TMOs offer an opportunity to
explore novel electronic states in such an environment. When
additional Néel-type AFM ordering is present, momentum-
dependent spin splitting can occur in the electron band
structure [60,61,106-109]. This new class of magnetism,
as explained in the introduction, is called altermagnetism
[110,111], and it could give rise to various phenomena
potentially useful for spintronics applications with itinerant

@4k
A

0.0

K,/ K,/

FIG. 15. (a) Band dispersion of the #,, tight-binding model with
the alternating TRS breaking field along the z direction. (b) Magnetic
symmetry. Red and blue sites have opposite spin polarizations along
the z direction. Mirror (M, ,) symmetries protect the spin degen-
eracy along k,, = 0, two-fold rotation (Cayy,2.5) Symmetries protect
the spin degeneracy at k, = &k, with k, =0, 7, and glide G, ;;
symmetries protect the spin degeneracy at the N point. Momentum
dependent spin splitting of the (2n — 1)-th band from the top is
shownin (c)n=1,(d)n=2,(e)n=3,)n=4,(g) n=>5, and
(h) n = 6 at k, = 0. Brillouin zone boundaries are indicated by white
lines. The spin splitting of the 2n-th band (not shown) is opposite to
that of the (2n — 1)-th band.

electrons, such as spin filtering. Here we demonstrate that
altermagnetism indeed appears in our model for a tetragonal
fye system.

To this end, we introduce a staggered effective magnetic
field — 3", , Autage. 0 Clyy Ciao € QT With hgage. = 0.2¢ and Q =
(m,m, ) to Eq. (8). The resulting band dispersion is pre-
sented in Fig. 15(a). This system has mirror (M), rotation
(C), and glide symmetries (G) as shown in Fig. 15(b). These
symmetries protect the spin degeneracy along high-symmetry
k points. Most notably, the momentum-dependent spin split-
ting has the g-wave symmetry as shown in Figs. 15(c)-15(h),
reflecting the C4, rotational symmetry.

While some TMOs have been predicted to host alter-
magnetism [110,111], many candidate oxide compounds are
insulating with a large gap. Strain engineering demonstrated
in Ref. [58] could become extremely useful to induce alter-
magnetism in conventional AFM metals.

IV. SECOND-ORDER TOPOLOGICAL
SUPERCONDUCTING PHASE IN AN OXIDE TRILAYER

In this section, we discuss heteroengineering of lattice
geometry in heterostructures of cubic perovskite TMOs
grown along an “unconventional” direction. In Ref. [37],
we proposed bilayers of TMOs grown along the [111]
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FIG. 16. (a) Schematic picture of the dice lattice, showing three inequivalent sites in each unit cell. (b) Electronic bands of the dice lattice
in the presence of a spin-orbit coupling and a magnetic field, showing nearly flat topological bands with Chern number C = %2, close to the
Fermi level. (c) Local density of states p(r) (in arbitrary units) in the topological superconducting phase obtained on a 32 x 32 dice lattice,
showing the corner-localized Majorana bound states at zero energy. For a detailed description, we refer readers to Ref. [117].

crystallographic direction as a possible route to realize topo-
logical insulating states. Such a bilayer forms a buckled
honeycomb lattice, and the cubic crystalline symmetry is re-
duced to the trigonal symmetry. The possibility of topological
superconducting states in such [111] bilayers was discussed
in Ref. [112].

Now we consider trilayers of cubic TMOs, such as
SrTiO3/[SrIrO3]3/S1TiO3. As shown in Fig. 16(a), such a tri-
layer forms the dice lattice. Due to quantum interference, such
a lattice exhibits a pair of flat electronic bands at the Fermi
level. The magnetism originating from the strongly-correlated
d electrons of the Ir atoms and the Rashba spin-orbit inter-
action which may arise in this trilayer oxide geometry due
to broken inversion symmetry induce an energy splitting of

the flat bands, as shown in Fig. 16(b). These split nearly flat
bands exhibit Chern numbers C = 42 [113,114]. It is known
that when doped with elements such as Nb, SrTiO3; undergoes
a superconducting transition [115,116]. It was shown by us
that a second-order topological superconducting phase can
be realized in this trilayer oxide geometry when the lower
topological flat band is populated at the Fermi level [117].
A hallmark of the second-order topological superconduct-
ing phase is the localization of zero-energy Majorana bound
states at the lattice corners. The corner-localized zero-energy
Majorana bound states in this oxide dice lattice is shown in
Fig. 16(c), where the local density of states p(r), correspond-
ing to the zero-energy quasiparticle state in the topological
superconducting phase, is plotted on the two-dimensional

Transition-metal oxides
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FIG. 17. Illustration of heteroengineering of transition-metal oxides. By combining different TMOs, one can control strain fields, super-
conducting or magnetic proximity effects, the leakage of electron charge leading to electronic reconstruction, and the lattice symmetry by
breaking crystal symmetry or growing along an unconventional direction such as [111] crystallographic direction. This could lead to novel
electronic phases or phenomena not observed in bulk crystalline systems.
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lattice. This finding establishes a close connection between
the topology of electronic bands in the normal state and the
localization of the zero-energy Majorana bound states. This
theoretical finding also calls for experimental verification of
the second-order topological superconductivity, which is typi-
cally rare in real materials, in a simple easy-to-fabricate oxide
trilayer platform.

V. CONCLUDING REMARKS

In this article, we presented selected portions of our
theoretical work on transition-metal oxides with strong
electron-electron interactions and relativistic spin-orbit cou-
pling, when in the form of heterostructures. As demonstrated
in this article, as well as in the experimental and theoretical
references, “heteroengineering” of transition-metal oxides is
extremely useful to control the lattice symmetry and geometry
as illustrated in Fig. 17. This could lead to novel electronic
phases not observed in bulk crystalline systems. Our pre-
dictions include a novel form of skyrmion lattices, spin and
orbital ordering, Weyl fermions, altermagnetism, and higher-
order topological superconductivity, among many others. We

hope that this article will stimulate further research, both
theoretical and experimental, contributing to more efficient
electronics, spintronics, and quantum computing.
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