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Abstract

The Hubbard model has attracted considerable interest due to its prototypical role in describing
strongly interacting electronic systems, such as high-critical-temperature superconductors as well
as many novel quantum materials. By introducing next-nearest-neighbor (NNN) hoppings to the
Hubbard model, the phase diagram becomes richer, and fascinating phenomena arise in both,
one-dimensional chains and square lattices, such as: antiferromagnetism, ferromagnetism, super-
conductivity (SC), as well as charge orders, among others. Moreover, NNN hoppings play a fun-
damental role in understanding effects of doping on magnetism and pairing orders in strongly
interacting regimes. In this article, we review the recent progress in understanding the different
competing phases of this model in one and two dimensions from a computational perspective. We
comment on the pressing technical challenges, illustrate the controversial results concerning the
emergence of the SC phase, and conclude with our perspectives on future explorations.

1. Introduction

An adequate microscopic model capturing high-temperature superconductivity (SC) is crucial for the
theoretical comprehension of cuprate superconductors. In addition, it can also provide a template to
guide experimental explorations into other quantum materials with similar characteristics. Much of the
research in this direction has been guided by two questions: how to reduce the number of degrees of
freedom to those that play a fundamental role in the physics of the cuprate materials, and how to rep-
resent the electron interactions. For instance, it is conventionally assumed that the fundamental phys-
ics occurs in the two-dimensional copper-oxygen planes, and that the apical oxygens do not play a rel-
evant role. This has allowed theorists to postulate a three-band ‘Emery’ model that only includes the
d,2_,» orbital of the copper, and one p orbital per oxygen [1, 2]. This model, in turn, can be reduced
to a one-band effective model by means of the Zhang—Rice (ZR)singlet construction [3]. The single-
band Hubbard model and its extended forms are the simplest models that incorporate the lattice poten-
tial and electron interactions, driving many experimental efforts with cold atomic gases [4—6]. While
the Hubbard model was realized early on [7, 8], lowering the temperature enough to access the Mott
insulator and measuring its properties took significant effort [9—14]. Further developments consisted
of studying the effects of spin imbalance [15] and, more remarkably, the hole-doped case [16-21].
Subsequent effort has been dedicated to study its non-equilibrium behavior [22-24], and the effects of
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dimensionality [25-30]. Under this framework, an important question arises: how does the non-interacting
band structure interplay with the electron interactions.

To address this question, we need to first reach a proper description for the non-interacting bands.
Studies have revealed that next-nearest-neighbor (NNN) hopping beyond the adjacent sites is critical
for describing the superconducting phase [31, 32]. This yields a simple yet rich Hamiltonian (3) that
accommodates various quantum orders of great interest, including SC, antiferromagnetism (AFM), fer-
romagnetism (FM), and charge/stripe orders. On square lattices, the Hubbard model with NNN hopping
has been widely adopted as the paradigmatic model to deliver a theoretical understanding of cuprate
superconductors. The electron—hole asymmetry, the magnetism in the under-doped regime, and the SC
phase on the electron-doped side of the single-band Hubbard model (with NNN hopping), are all in
good agreement with the experimental results of cuprate superconductors [33-50]. In this context, it is
crucial to understand how the introduction of the NNN hopping changes the physics of the Hubbard
model.

The effect of the NNN hopping in the non-interacting limit is clear: it will alter the Fermi surface
geometry to the point in which one may realize hole pockets. In one spatial dimension the two Fermi
points are replaced by four (figure 1(c)), and in two spatial dimensions the perfect Fermi surface nest-
ing is eliminated. As a consequence, the NNN hopping makes the bands flatter at high or low energies
(figures 1(d)—(m)), depending on the sign of the hopping coefficient. By turning on interactions, how-
ever, the effect of the NNN hopping is more ambiguous, especially when the system has intermediate
to strong interactions. One would expect that the narrow bands together with interactions can eventu-
ally give rise to SC or FM phases in some parameter regimes. Nevertheless, the quantum fluctuations
induced by the interplay between the electronic bands and interactions make the conclusions sensitive
to many factors, and results that are in some cases contradictory [41-52]. Moreover, a solution to the
Hubbard model with intermediate/strong interactions is beyond the reach of most theoretical frame-
works based on perturbative approaches. Variational approaches have been used in early research to
study the static properties, however they mainly focus on the original Hubbard Model without NNN
hopping terms [53-59]. In the regime that both NNN hopping and strong interactions are important,
numerical methods provide reliable means to investigate the low energy physics with quantum fluctu-
ations in a non-perturbative manner. Our goal in this article is to review the recent progress in numer-
ical studies on the Hubbard model with NNN hopping, also mentioning early work that already unveiled
a variety of surprises in this context dating back to decades ago.

The scope of this article will be as follows: we first introduce the models of interest, then review
the recent progress on the effects of the NNN hopping on the Hubbard model, with special focus on
the influence on the magnetism and SC. Specifically, we focus on studies using numerical techniques,
such as density matrix renormalization group (DMRG) [60-62], quantum Monte Carlo (QMC) [63—
67], tensor networks (TNs) [68, 69], and exact diagonalization (ED)/Lanczos on small systems [70, 71].
The lattice geometries of our focus will be one-dimensional chains and two-dimensional square lattices,
including ladder and cylindrical systems as intermediate geometries from one- to two-dimensions. We
limit our discussions to the quantum regime at zero temperature (or the quantum fluctuations at low
temperatures for QMC studies), mainly centering on the ground state properties but commenting on the
photoemission spectra as complementary discussions.

2. Models

The Hubbard model was initially proposed to describe correlated electrons in periodic lattices [72]; it is
defined as:

Hyubbard = —tz (CI,UCI‘JF&J + ]’lC) + UZ Ay 41y | (1)
r

r,o

where cig (cr,0) s the electron creation (annihilation) operator at position r with spin index o =1, ],
n; is the electron number operator, ¢ is the hopping integral between nearest neighbors, and U is the
on-site Coulomb interaction. In the strongly interacting limit, the Hubbard model can be mapped to an
effective t — J model [73]:

2 2 1
H, ;= —tz (CI,UCH-S,J + hC) -I-IZ (Sr . Sr+5 — 4nini+1> (2)
1,0 r

where S, is the spin S = 1/2 operator at position r, and J (= 42/U when U is large) parameterizes the
magnitude of the spin exchange. The strong and weak interactions are differentiated by the value of J,
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Figure 1. Lattice structures and non-interacting band dispersions. (a) one-dimensional lattice; (b) two-dimensional square lat-
tice; (¢) non-interacting bands for one-dimensional chains; (d)—(h): two-dimensional energy dispersion colormaps; (i)—(m):
energy dispersion along the dashed-white line cuts in (d)—(h).

and the crossover is around J = 1/4. This model forbids double-occupancy and captures the physics of
the Hubbard model on the hole doped side. Note that the canonical transformation from Hubbard to
the t — J model also generates a three-site term —J/4 Z<i’j>’<i’j,>#j,’a (ch,’Un,-,_ch)g — c},gci_gci,gq7_a),
of which the effects are much less studied [74-81].

By including the NNN hopping, the Hubbard model yields the #; —t, — U model:

Hy_——u=—h Z (CI,UCI,+3’U + h.c.) — 1 Z (CIJC]_JF(;A,’U + h.c.) + UZ Ny My, | (3)
r

r,o r,o

where & ((5A’ ) is the vector pointing to the nearest (next-nearest) neighbors, and ¢, (#;) is the hopping
parameter between nearest (next-nearest) neighbors (figures 1(a) and (b)). The definition of ‘next-
nearest neighbor’ differs between one-dimensional chains and two-dimensional square lattices. In the
former case, the hopping of the system transforms the chain into a ‘zigzag’ ladder, while in the latter
case, the NNN hopping is along the diagonal of each cell, as shown in figure 1. In the strongly interact-
ing limit, the #; — t, — U model can be mapped to the ‘t; —t, —J; — J,” model:

Ht1*f2*]1*]2 =-h Z (CI,O'Cr-‘,-S,U + hC) —h Z (CI,O'Cr—',-(sA’,O' + hC)
r,o r,o

5 = 1 2z 1
+1 Z (Sr : S,Jrg - 4nrnr+g> +1 Z (Sr : Sr+5A’ - 4nr”r+5‘/> (4)

r by

where J; = 4£; /U and ], = 4£3/U when U is large. A similar ; —t, — J; — J, model can also be obtained
by a direct simplification of the Emery model [82—84]. Because the ], term is roughly an order of
magnitude smaller than Jj, it is often omitted and the #; — t, — ] model, where ] is the J; term in
equation (4), is frequently studied.

Hereinafter, we refer to the ‘Hubbard model’ when we focus on the original NN only Hubbard
model, and ‘t; — f, — U’ model when we are describing the Hubbard model with NNN hopping.

Several different arguments support the necessity of including a longer-range hopping when prob-
ing superconducting phases. One of them is directly motivated by the band structure of the cuprates,
which are usually considered as layered materials, where each layer can be depicted as a Lieb lattice com-
posed of the copper 3d,._ > orbital and oxygen 2p,, orbitals [85]. Based on this picture, a three-band
Hubbard model—also referred-to as ‘Emery model, was proposed as the minimal theory to describe the
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low energy physics of cuprate materials [1, 2]. Subsequently, it was argued that the Emery model can

be simplified to an effective single band Hubbard model. This mapping has been illustrated by (i) the
ZR singlets argument, which demonstrated that the dynamics of the ZR singlets in the Emery model is
equivalent to the dynamics of the holes in the single band Hubbard model [3]; (ii) the level splitting cal-
culations, which proved the equivalence of energy levels between Emery model and a single-band model
[82—84]. Furthermore, the band structures obtained from first principle calculations also support the
suggestion that a single-band Hubbard mode with NNN hopping should suffice in describing some low
energy aspects of high-Tc cuprates [86, 87]. The hopping parameters can also be acquired from the pho-
toemission spectroscopy results [88] although it was argued to be not always reliable [89].

3. One-dimensional Hubbard model with NNN hopping

Recent experimental studies unveiled the particle-hole asymmetry of the one-dimensional cuprate mater-
ial Ba,_,Sr,CuOs,45 [90]. Numerical investigations on this material suggest that the NNN hopping,
the three-site hopping and the nearest-neighbor attractions all contribute to the 3kr and holon-folding
branches in the photoemission spectrum [91]. The accurate modeling of these relatively simple cuprate
materials, and the understanding of the role of the different terms, can shed light on the mechanisms
responsible for hole pairing in their higher-dimensional counterparts. The low-energy physics of the
Hubbard and #; —#, — U models on a chain is by now well established. The one-dimensional Hubbard
model can be exactly solved using Bethe Ansatz [92, 93]. It is a Mott insulator at half-filling and always
exhibits Luttinger Liquid behavior upon doping. In one-dimension, Landau’s quasiparticles are never
realized, and the spectrum displays edge singularities instead of Lorentzian peaks near the Fermi energy.
Furthermore, the Hubbard model manifests a phenomenon known as spin-charge separation, in which
the natural excitations split into those carrying spin, and those carrying charge, with independent velo-
cities and characteristic energy scales [94-97]. In one-dimension, spontaneous symmetry breaking of
continuous symmetries is strictly forbidden, and correlations decay either algebraically or exponentially
with distance. Therefore, SC is defined as a regime where the pair—pair correlations become domin-
ant, i.e., decay algebraically with a small power, compared to all other instabilities. In 1D, the Hubbard
model never displays SC, even after the addition of NNN hoppings. Nevertheless, the closely related t —J
and f; — f, — ] models exhibit a superconducting phase. In the t — ] model, SC emerges at intermediate J.

In this section, we focus on the magnetism and SC in the #; — t, —J model in one spatial dimension.
This model shows a rich phase diagram as a function of density n and spin exchange J [98]. With a neg-
ative NNN hopping (, = —0.5), a spin density wave (SDW) is realized near half-filling, a fully polar-
ized FM phase occurs at small ], which coincides with the FM phase in the #; — £, — U model when the
Coulomb interaction U is strong [99-101], and a charge density wave appears in the region with inter-
mediate J upon doping, a pair density wave emerges by further increasing J, and the system finally devel-
ops phase separation at large J (figure 2) [98]. With a positive NNN hopping (¢, = 0.5), nevertheless, the
system resembles the phase diagram of the t —J model qualitatively (figure 2) while the pairing order at
intermediate ] displays a conventional uniform SC [98].

In order to illustrate the ground state properties, we show various correlations measured on the
ground state wave functions. The spin—spin correlations are defined as:

$(r) = ($657); (5)
the density-density correlations as:
D(r) = (nonr) — (no) (nr); (6)
the singlet pair—pair correlations are:
P, (1) = (AJA), (7)

where AT operator creates a singlet pair on neighboring sites,

1
T T 7o
Al = % (Ci,¢ci+1,T - Ci,TCi+1,¢) ‘ (8)
and the triplet pair—pair correlations are:
p —(ATA o A 9)
((r) = (A0A,) + <Co,¢‘:1,¢cf,¢fr+l,¢> + <Co,T51,TCr,TCr+1,T>
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Figure 2. Left: Phase diagram for #; — f; — ] model with #, = —0.5; right: phase diagram for ¢; — t, — J model with , = 0.5.
AFM: antiferromagnetic; CDW: charge density wave; SDW: spin density wave; FM: ferromagnetic; PDW: pair density wave; PS:
phase separation; SC: superconducting; SG: spin-gapped. Reprinted (figure) with permission from [98], Copyright (2024) by the
American Physical Society.

where AT operator creates a triplet pair on neighboring sites:

1
— Tof 7ot
&= V2 (CiviciH,T +Ci,TCi+1,¢) ' (10)

The static structure factors are obtained by Fourier transform the correlations from real space to
momentum space.

3.1. The influence of NNN hopping on magnetism upon light doping

AFM is often considered to be the ‘pairing glue’ for SC [102], and the momentum vector of the mag-
netic order can determine the oscillation pattern of the pairing orders upon higher doping [103, 104].
Therefore, investigating the magnetic properties near half-filling will allow us to understand SC in the
optimally doped regime.

The Hubbard/t — ] model at half-filling with strong Coulomb interactions is a Mott insulator, dis-
playing quasi-long-range antiferromagnetic order [105], and the spin channel behaves similarly as the
Heisenberg model [106]. The effect of NNN hopping is minimal at half-filling in the strongly interacting
limit, whereas the effect on magnetism becomes noticeable upon light doping, where the system shows
particle-hole asymmetry.

This particle-hole asymmetry can be observed by changing the sign of #,/#; from positive to neg-
ative, which maps the upper Hubbard band into the lower Hubbard band, hence the same model can
be used to illustrate low-energy physics on both electron- and hole-doped sides [107]. The magnetism
upon light doping is sensitive to the sign and magnitude of t, [108]. In figure 3 we show the spin—spin
correlations and the static spin structure factors for the ; — , — U model for various values of 1, /#,
where we fix U =28 and doping density to be 1/16. When #,/#; is smaller than -0.9, the spin—spin cor-
relations oscillate as a SDW. Increasing the value of #,/#;, there is an ‘optimal’ regime ranges from —0.7
to —0.4 where the spin structure factor peaks at . An early study on the #; —t, — U model [109] and
f —t, —J model [98] have also revealed that the AFM order is favored in this regime. The strong tend-
ency to AFM near half-filling for t,/t; = —0.5 leads to phase separation [98]. In a large region when
/1 is between —0.4 and 0.7, the magnetic order is AFM with anti-phase domain walls, which is sim-
ilar to the stripe phase observed in higher dimensions [34]. There are also two regimes when #,/#; is
between —0.9 and —0.7, and when #, > 0.7, where the magnetic order is short-range and the system is
spin-gapped (figure 3).

3.2. Superconducting region

The original one-dimensional Hubbard model does not accommodate SC. The inclusion of NNN hop-
ping can frustrate the magnetic order and open a spin gap, which might be favorable for the pairing
correlations. However, although some early studies suggested that SC is present in such a system when

t, is in a specific regime [101, 110], we found no evidence of a SC phase in this system, according to
our DMRG calculations. On the other hand, the #; — t, — ] model exhibits a SC phase in the spin gapped
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Figure 3. Top: spin—spin correlations (left and middle) and spin structure factors (right) for the one-dimensional t; — t, — U
model with various values of #, and U = 8. Results are obtained by DMRG for the chains with length L = 64 and 1/16 hole dop-
ing. Bottom: Magnetic phase diagram as a function of t, for 1/16 hole doping, where the green region represents spin density
wave, the yellow area depicts spin-gapped phase, the blue zone stands for AFM, and the red sector shows the AFM with anti-
phase domain walls.
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Figure 4. Left: Ground state correlations for the f; — #, — J chain with , = —0.5, ] = 3 and density n = 20/64, where the system
is in the PDW phase. Middle: Correlations for the #; — t, — J chain with t, = 0.5, ] = 5.3 and density n = 24/64, where the sys-
tem is in the SC phase. Insets: Pairing orders shown in a linear scale. Reprinted (figure) with permission from [98], Copyright
(2024) by the American Physical Society. Right: Photoemission spectrum for the t; — #, — J chain with t, = —0.5, ] =2.4 and

n = 6/48. Reprinted (figure) with permission from [104], Copyright (2025) by the American Physical Society.

regime with intermediate value of J at small electron densities [98]. In figure 4 we present the pairing
correlations in the SC phase for f, = 0.5 (left panel) and t, = —0.5 (middle panel). They oscillate as a
PDW in the former case, and an uniform SC in the latter (results from [98]). The pattern of the spa-
cial oscillation of the pairing order with t, = —0.5 is also closely associated with magnetism [103], which
shows AFM tendency in this regime.

The exotic PDW phase in the #; — #, — ] model is attributed to the NNN hopping. When &, /#; is
negative (i.e. —0.5), the topology of the non-interacting band survives under the influence of Coulomb
interactions, exhibiting four Fermi points upon doping. Evidence of this underlying relation between
the onset of PDW and the NNN hopping [104] can be further found in the momentum resolved spec-
trum. In the right panel of figure 4 we present the data from [104], which shows the photoemission
spectrum for the PDW phase of the #; — t, — ] model [98]. Even with the presence of the interaction,
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Figure 5. Spin—spin and triplet pairing correlations in the fully polarized phase of t; — f, — J model. The correlations are meas-
ured for the highest spin sectors, and are shown in a log-log scale. Insets: triplet-SC order shown in a linear scale. Reprinted
(figure) with permission from [98], Copyright (2024) by the American Physical Society.

the spectrum dispersion still shows two local minima. This second neighbor term allows electrons to hop
without frustrating the spin short-range order, thus the AFM tendency is preserved, and the PDW order
is favored.

3.3. Ferromagentism in the one dimensional t; — #, — Umodel

The fully polarized FM (FPFM) state of the Hubbard model with a single hole was first proposed by
Nagaoka [111] for systems with infinitely strong on-site Coulomb interactions. It was first proved to
exist in lattices in two or higher dimensional bipartite lattices [111]. Originally, Nagaoka’s FM is absent
in the one-dimensional Hubbard model. By introducing a negative second-neighbor hopping, Nagaoka’s
FM can be extended to the one-dimensional Hubbard model [112]. The t; —t, — U (or t; — t, — J)
model with negative t,/t; is one of the few models that has been found to have a FPFM ground state
[99-101]. Efforts have been devoted to the exploration of whether this mechanism can be extended to
finite Coulomb interaction and more realistic doping concentrations. Numerical studies have shown later
that, depending on the filling density and the value of |t,], the fully polarized FM phase could be real-
ized at finite values of U [113] indicating that both, the ‘single hole doping’ and ‘infinite U’ conditions
for Nagaoka FM can be relaxed. In fact, Nagaoka FM exists in a large region in the density-exchange
phase diagram of the t; — t, — J model [98], and strikingly, this fully polarized phase also displays a
strong triplet pairing order (figure 5). Depending on the filling density, this triplet pairing order devel-
ops as a PDW, making this model a tunable platform to study triplet-SC.

4. Two-dimensional Hubbard model with NNN hopping

Angle-resolved photoemission spectroscopy studies have revealed that the two-dimensional cuprate
materials such as LSCO and BSCCO exhibit band structures that require NNN hopping [88, 114]. The
two-dimensional Hubbard model and its extended forms are considered to be the minimal models that
can describe the physics of the cuprate high-critical-temperature SC. However, accessing the ground state
properties of large two-dimensional systems by numerical means remains one of the most pressing chal-
lenges in computational condensed matter [31, 36, 115]. Furthermore these studies are sensitive to sys-
tem size, lattice geometry, and the boundary conditions of choice. Having a reduced Hilbert space, the
t) — t; — ] model (where J is small) is often studied as a substitution for the #; — #, — U model. Although
double-occupancy is forbidden in the #; — t, — ] model, the effects of electron doping can still be stud-
ied through the particle-hole transformation by changing the sign of #,. The conclusions for t; —t, — J
model (when J is small) and the #; — #, — U model (when U is large) on magnetic order near half filling
[34, 37, 38, 116, 117], the SC [118, 119] and the Nagaoka FM [71, 120, 121] are qualitatively the same.

Recent large-scale computations demonstrated that the SC phase is weak in the original Hubbard
model [31]. Hence, the clues for SC may be found in other missing terms in the Hamiltonian. By
including the NNN hopping, the #; — t, — U model exhibits a rich phase diagram. In the lightly doped
regime, numerical studies have confirmed the AFM pattern near half-filling [34-38] and SC on the
electron-doped side, regardless of the method and the lattice size [39-50].
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Figure 6. Spin—spin correlations for the #; — #, — ] model with 1/8 hole doping at fixed ] = 0.4 and various #, /#; in a log-log scale
(left) and in a linear scale (right). Calculated by DMRG for a cylindrical system with length Ny = 32 and N, = 4.

Nonetheless, discrepancies between the numerical results for the microscopic models and the exper-
imental phase diagrams of cuprates are still non-negligible. Although there is numerical evidence sup-
porting the appearance of a SC phase [33] on the hole-doped side, doubts remain because there is con-
siderable research suggesting that the #; — t, — U model lacks the ‘superconducting dome’ on the hole-
doped side [114].

In this section, we review the recent numerical progress understanding the effects of NNN hopping
in two-dimensional systems. Our discussion of the two-dimensional #; —#, — U and t; — f, — ] models
mainly focuses on two regimes: the lightly doped regime where SC arises, and the highly doped regime
where flat-band FM emerges.

4.1. The influence of NNN hopping on magnetism near half-filling

The Hubbard model in a two-dimensional square lattice at half-filling is a Mott insulator with long-
range AFM (Néel) order in the ground state [105]. The AFM order at half-filling is resistant to small
values of NNN hopping t,, in fact, when |t,]| is relatively small, i.e. || < #;/2, and U is greater than

a threshold, the long-range AFM persists [36]. Upon doping, the system lacks particle-hole symmetry,
and both the sign and magnitude of ¢, affect the magnetism. Numerical studies have found that on the
electron doped side (when #, > 0) the spins form an AFM pattern. However, on the hole doped side,
the spin momentum vector is shifted away from (7, 7) [34, 37, 38, 116, 117]. It is worth noting that
this conclusion holds for relative small |f;| (< 0.5), which is in the more realistic range that is appropri-
ate for describing the cuprate superconductors. By increasing the magnitude of ||, both the hole- and
electron-doped sides display AFM tendencies upon small doping. Nevertheless, the AFM order on the
hole doped side is more robust and exhibits much longer range (figure 6).

4.2. SC on the electron and hole doped sides

The superconducting phase of the #; — t, — U model has been investigated by various numerical
approaches such as DMRG [33, 39], QMC [33, 116], TNs [122], variational Monte Carlo [123],
ED/Lanczos [39], density matrix embedding theory [124], among others [35, 100]. Although remarkable
progresses have been made by means of these techniques, numerical methods are usually limited to small
system sizes or rely on approximations. Therefore, there are still ongoing debates on key issues, such as
whether the SC phase in the t; — t, — U model coincides with the one observed in experiments. As a
feasible intermediate step, ladder geometries have been extensively investigated with the aim to extra-
polate the two-dimensional physics. Despite the fact that the ladders differ from true two-dimensional
system [70], it is immensely valuable to have a quantum system that displays pairing tendencies under
control in order to guide our theoretical understanding of the quantum fluctuations in cuprate materials
[70, 125, 126].

Two-leg ladders are spin gapped at half-filling, which is favorable for SC. The Hubbard model with
strong Hubbard interactions exhibits a Luther-Emery phase up to 1/8 hole doping [40] and the closely
related t — ] model on a two-leg ladder also displays SC [118]. By adding NNN hopping, the f; — , —

U model manifests strong particle-hole asymmetry. Early studies have shown that the electron-doped
side favors SC while the hole-doped sides suppresses pairing order [39, 127]. Alongside this evidence, a
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Table 1. Literature survey indicating whether or not ladder systems exhibit a SC phase for the t; — t, — Jand t; — t, — U models.

Number of SC

Model legs n/h J/tior U/t ) Hh>0 Hh<0 Reference
h—t—h—h 2 [0,0.22] 3 0.3 Yes — [127]
h—t—] 2 [—0.5,0.5] 0.5 0.1 Yes No [39]
H—th—U 4 ~0.25 8-12 1/8 — Yes [41]
h—th—U 4 [—0.25,0.25] 8-12 [1/12,1/8]  Yes Yes [42]
h—t,—U 4 —0.25 12 1/12,1/8] — Yes [43]
t—th—] 6,8 [—0.3,0.3] 0.4 0—0.25 Yes No [44]
th—th—13—] 8 [—0.4,0.4] 0.4 0.1 Yes No [45]
h—t—] 5-8 +0.2 0.5 1/8 Yes No [46]
h—t—T1i—h 68 [—0.22,0] 1/3 [1/36,1/8]  Yes Yes [47]
h—tb—h—h 8 [—0.2,0.3] 1/3 [0.1,0.2] Yes Yes [48]
tH—tb—U-V 6 +0.4 12 1/12 Yes — [49]
h—th—U 6 [—0.4,0.5] 12 [1/18,1/8]  Yes No [50]

recent study revealed that when J; is large in the #; —#, — J; — J, model (with NNN exchange), SC is also
present on the hole-doped side [119]. These results may partially explain the hole pairing in the ladder
compounds such as Sry;,Ca,Cuy40y41 and Sr14CuysOy4 [128-130].

Different studies have suggested conflicting conclusions or wider ladder systems, even for the original
Hubbard model, due to the exponentially large computational complexity. A study on four-leg t —J lad-
ders indicates that the SC phase emerges upon doping [51]. However, the study on the Hubbard model
with weaker U ( = 4-8) seem to indicate that the SC phase is absent [52]. By introducing NNN hop-
ping, SC phase arises on both the electron- and hole-doped side [41, 42], where the SC on the hole-
doped side displays a plaquette-symmetry that is pathological for the four-leg ladder geometry [43],
while the SC on the electron-doped side has d-wave symmetry.

Further increasing the width of the ladders, more conflicting results appear. Although strong evid-
ence indicating SC on the electron-doped side of the #; — , — U model is uncovered, it is still unclear
whether it also occurs on the hole-doped side, as in the cuprate superconductor phase diagrams [44—50].
Table 1 offers a literature survey on some important works studying the existence of SC in these mod-
els. As one can observe, the results are strongly sensitive to system size, aspect ratio (number of legs),
boundary conditions, and even technical details such as the symmetry group that has been used [47, 48].
Therefore, extrapolating any conclusions to true two-dimensions should be done with extra caution.

4.3. Ferromagentism in the two-dimensional ; — , — U model

As in the one-dimensional case, the introduction of NNN hopping also opens the possibility for a spin
polarized phase. There are two types of polarized states in the two-dimensional #; — t, — U model on
the square lattice: (i) the Nagaoka FM in the strongly interacting limit upon doping with a single hole,
and (ii) the flat-band FM near the ‘van Hove filling’ [100, 117, 131-137]. While Nagaoka FM emerges
in the large U limit [111], flat-band FM occurs even with at weak Coulomb interaction U as long as the
doping is optimal [138].

The fully polarized FM phase can be identified by measuring the total spin (S,), which involves less
numerical uncertainty than the two-point correlation measurement. In addition, electrons in the fully
polarized FM states are equivalent to spinless fermions, reducing the dimension of the effective Hilbert
space, thus reducing the computational expense. Moreover, numerical results on the FM phase suffer
much less from finite-size effect compared to other cases, and the low-energy physics of FM phases can
be probed even on small clusters [139].

As a consequence, our understanding of the origin and mechanism for FM in two-dimensions is well
established. In the two-dimensional t; — , —J (t; — t, — U) model, similar to the one-dimensional cases
[98], a negative NNN hopping stabilizes the Nagaoka FM to both larger J (smaller U) and higher doping
concentrations [71, 120, 121]. Near the ‘van Hove filling, the negative NNN hopping creates flatness
near the bottom of the non-interacting band, and a moderate on-site Coulomb interaction will split out
the polarized state to a lower energy.

The mechanism for triplet, or p-wave, SC in two-dimensions is less clear. Although numerical studies
have found p-wave pairing in the proximity of the flat-band FM phase, e.g. when t,/t; = —0.7 and with
high doping concentrations [140], one could argue that the ‘pairing glue, as the AFM for the singlet-
SC, is lacking in the polarized state. Whether or not the triplet-SC dominates over other orders in the
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vicinity of the FM phase, or is intertwined with other instabilities, as the case in the one-dimensional
t; — 1, — ] model, is yet to be confirmed.

For completeness, note that t — J models with NNN and next-to-NNN hoppings have also been
explored with regard to the presence or absence of ‘stripe’ formation, a topic of much discussion in
cuprates. For work on this topic, one can consult [141, 142] and references therein. Even more exotic,
numerical evidence has been gathered suggesting that the quasiparticle weight of one hole can drop to
nearly zero by varying the NNN strength in two-dimensional lattices. A cartoon displaying this physics
can be found in figure 2(b) of [143] where the concept of ‘across the hole’ singlets is discussed, strongly
suggesting ‘spin-charge separation) an aspect barely touched in two-dimensional Hubbard and ¢ —J
models that merits more research (see also references [144, 145]).

Also, it is interesting to observe that materials other than the cuprates, such as the iron-based super-
conductors, need NNN hoppings in the microscopic descriptions due to their atomic configurations
[146, 147].

5. Conclusions

The numerical study of the interplay between NNN hopping and electron interactions in Hubbard-type
models has offered unique insights for understanding the relation between magnetism and SC. Despite
ongoing debates on whether the SC phase can be stabilized on the hole-doped side of the Hubbard
model, numerical methods have witnessed pronounced progress, owing to the rapid advancement in
computational power and algorithms during the last few decades. Much progress has also been made
in exploring intertwined orders in the doped regime, determining the optimal conditions for stabilizing
SC and exotic pairing phases, and realizing fully polarized FM states [36, 115].

For the one-dimensional f; — t, — U model, a negative NNN hopping induces a fully polarized FM
phase in the strong interaction limit, and this FM order is accompanied by triplet SC [98]. For the
t; — t, — ] model, this NNN hopping drives the evolution of the uniform SC order into a more exotic
PDW order closely associated with the Fermi surface geometry and the underlying magnetic order
[98, 104]. In two-dimensional square lattices, the introduction of the NNN hopping enhances pairing
instabilities, introducing SC in the phase diagram. On the electron-doped side, various numerical and
theoretical approaches have proved the existence of the SC phase. Nevertheless, on the hole-doped side,
the debate on the existence of a SC phase is still ongoing.

NNN hopping also makes the FM phase more favorable in the sense that: (i) it stabilizes the
Nagaoka FM in the original Hubbard model (or ¢t — J model) at finite values of U (or larger J); and (ii)
it induces a new fully polarized FM phase in the proximity of a van Hove singularity.

The study of the effects of NNN hopping on single-band Hubbard models is informative for the
study of longer-range hopping in multi-bands Hubbard models, because the single band Hubbard model
can describe the effective low energy physics of multi-bands Hubbard models in some parameter regimes
[1, 2, 82-84, 91, 148-158]. In fact, the longer-range hopping has been found to favor the SC phase in
the three-band Hubbard model [119]. Our understanding of the Hubbard model on square lattices—
the relevance between the Fermi surface topology and the onset of PDW, the SC phase induced by NNN
hopping, and the FM phase originated from narrow bands and strong interactions—not only allows us
to peek into the mysteries of high-temperature SC, but can also guide the exploration of intertwined
orders and exotic quantum phase transitions in frustrated materials [159].
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