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Interlayer pairing in bilayer nickelates
Check for updates

Thomas A. Maier1 , Peter Doak1, Ling-Fang Lin2, Yang Zhang2,3, Adriana Moreo2,3 & Elbio Dagotto2,3

The discovery of Tc ~ 80 K superconductivity in pressurized La3Ni2O7 has launched a new platform to
study high-temperature superconductivity. Using non-perturbative dynamic cluster approximation
quantumMonteCarlo calculations,wecharacterize themagnetic andsuperconductingpairingbehavior
of a realistic bilayer two-orbital Hubbard-Hund model of this system that describes the relevant Ni eg
states with physically relevant interaction strengths. We find a leading s± superconducting instability in
thismodel at a temperature T ~ 100K close to the experimentally observed Tc. Analyzing the orbital and
spatial structure of the effective pairing interaction giving rise to this state reveals that the interaction
predominantly acts between local interlayer pairs of the d3z2�r2 orbital. By correlating the strength of the
interaction with that of the magnetic spin fluctuations we show that it is driven by strong interlayer spin-
fluctuations arising from the d3z2�r2 orbital. These results provide first-time non-perturbative evidence
supporting the picture that a simple single-orbital bilayer Hubbard model for the Ni d3z2�r2 orbital
provides an excellent low-energy effective description of the superconducting behavior of La3Ni2O7.

Superconductivity in pressurized La3Ni2O7
1,2 has been widely addressed in

bilayer two-orbitalHubbardmodels that account for the egmanifold (dx2�y2

and d3z2�r2 orbitals) of the Ni-d states near the Fermi level in these
systems3–10. Due to the complexity of the electronic structure, most of these
studies have used perturbative, either weak-coupling4–9,11–14 or strong-
coupling10,15–17 approaches. Depending on details in themodel parameters12

and the type of the approximation, these studies have found s±, dx2�y2 -, and
dxy-wave superconducting states.

Optical studies, however, show evidence that La3Ni2O7 is characterized
by moderately strong electronic correlations18,19 in the intermediate cou-
pling regime. Consistent with this, recent density functional theory and
constrained random-phase approximation (RPA) calculations indeed find
that the HubbardU interaction on the Ni eg orbitals is approximately of the
same size as the electronic bandwidth20. This raises the question of whether
perturbative weak- or strong-coupling approaches can accurately char-
acterize the nature of pairing in these systems, and underscores the need for
non-perturbative methods to address this question. While numerical
methods such as density matrix renormalization group and tensor
networks21–25, auxiliary-field Monte Carlo26, and cluster dynamical mean-
field theory (CDMFT)27,28 have been used to provide a non-pertubative
picture, they are typically based on reduced effective t-J models, simplified
interactions, or quasi-one dimensional lattice geometries.

Here, by using state-of-the-art dynamical cluster approximation (DCA)
quantumMonte Carlo29 calculations for a realistic bilayer two-orbital model
on a two-dimensional lattice6 with physically relevant interactionparameters,
we examine what this model tells us about the pairing mechanism in the
bilayerLa3Ni2O7 compound.Wefinda leading s± superconducting instability
in thismodel at a temperatureT~100K close to the experimentally observed

Tc~80K.By analyzing the spatial andorbital structure of the effective pairing
interaction, we show that this instability arises from interlayer electron
pairing on neighboring sites in the top and bottom layers, primarily in the
d3z2�r2 orbital. We then analyze the spin correlations in the model and
correlate their strength with that of the s± pairing interaction to demonstrate
that thepairing is primarily drivenby interlayer spinfluctuations arising from
the d3z2�r2 orbital. Our results provide first-time nonperturbative evidence
supporting the picture7 that a single-orbital bilayer Hubbard model30 for the
d3z2�r2 orbital provides anappropriate low-energy effective descriptionof the
pairing behavior of La3Ni2O7.

Results
The model we consider was introduced in ref. 6 and is illustrated in Fig. 1a.
Its Hamiltonian is given in the “Methods” section. It includes the twoNi-3d
orbitals, dx2�y2 and d3z2�r2 , that have been found to account for the low-
energy electronic structure of the bilayer nickelates. These two orbitals are
located on a two-dimensional (2D) square bilayer lattice, and the model
includes nearest neighbor hopping, both intra- and inter-layer. It also
includes intra-orbital Coulomb U, inter-orbital Coulomb U 0, and Hund’s
rule coupling J interactions,whichwe set toU=3 eV,U 0 ¼ 2 eV, and J=0.5
eV (see also “Methods” section).

Pair-field susceptibility
We start by discussing results for the pair-field susceptibility defined as

PαðTÞ ¼
Z β

0
dτhT τΔαðτÞΔy

αð0Þi ð1Þ
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with the pair operator

Δy
α ¼

1ffiffiffiffi
N

p
X
k;‘‘0

g‘‘
0

α ðkÞcyk‘"cy�k‘0#: ð2Þ

Herewe have used themomentum space Fourier representationwithwave-
vector k ¼ ðkx; ky; kzÞ with kz = 0 or π representing bonding and anti-
bonding combinations, respectively, of the two layers,
cyk‘σ ¼ 1=

ffiffiffiffi
N

p P
ic
y
i‘σe

ikri , and g‘‘
0

α ðkÞ is a symmetry form-factor. The singlet
form factors we will use are listed in Table 1 and illustrated in Fig. 1b, c, and
d. They correspond to local inter-layer s± pairs and in-plane dx2�y2 and dxy
pairs. We only include intra-orbital components in these form factors,
which we expect to dominate, and confirm in the next section through an
unbiased analysis that the leading states indeedhave substantial intra-orbital
pairing character and therefore are captured by these susceptibilities.

As seen in Fig. 1b, the s± state is negative on the β sheet and positive on
the α and γ pockets. This sign change arises from the difference in bonding/
antibonding character of the Fermi surface states on the β and γ pockets6.
Since the dx2�y2 and dxy states are in-plane states, they are in-phase across all
the Fermi surface sheets. In all cases, we only consider intra-orbital pairing.
We note that the Nc = 2 site cluster calculation can already address the s±

state, since it contains the two sites (one in the top and one in the bottom
layer) that are involved in this pair. It may be regarded as the mean-field
solution for this state as it can only fit exactly one s± pair and therefore
cannot capture spatial phase fluctuations (although it fully captures tem-
poral fluctuations). Additionally, theNc = 8 site cluster can also address the
dx2�y2 pairing state, but not the dxy state. TheNc = 16 cluster can resolve all
the symmetries we consider.

Figure 2 shows the temperature dependence of the pair-field sus-
ceptibility Pα(T) for the different symmetry channels and cluster sizes.
Earlier RPA calculations for the same model found a leading s± super-
conducting state, with a sub-leading dx2�y2 state

6. Consistent with this,
one sees in Fig. 2 that the s± susceptibility is rising themost rapidly at low

Fig. 1 | Illustration of the bilayer two-orbital
model and its leading pairing states. The two
orbitals, dx2�y2 (blue) and d3z2�r2 (red), with nearest
neighbor hopping parameters txx =− 0.515, tzz =−
0.110, txz = 0.243, and t?zz ¼ 0:666 taken from ref. 6
for 25GPa pressure are shown in panel (a). The non-
interacting Fermi surface consistst of α, β, and γ
sheets as illustrated in (b). The superconducting
order parameter form factors listed in Table 1 for s±

(b), dx2�y2 (c), and dxy (d) states are illustrated by red
(positive) and blue (negative) colors.

Table 1 | Singlet order parameter form factors used for the
calculation of the pair-field susceptibility in Eq. (1)

α g‘‘0
α ðkÞ

s± cos kzδ‘‘0

dx2�y2 ðcos kx � cos kyÞδ‘‘0
dxy sin kx sin kyδ‘‘0

Fig. 2 | The pair-field susceptibility versus temperature for the two-orbital bilayer
327-LNO model with U = 3 eV, U 0 ¼ 2 eV, and J = 0.5 eV for different symmetry
channels α and DCA cluster sizesNc. The leading s

± symmetry channel has a “mean-
field" (see text) superconducting transition near T ~ 0.012 eV ~ 140 K (see Sup-
plemental Material). The QMC statistical errors are small and within the symbol
size. Amore detailed view of the inverse pair-field susceptibility is shown in Sec. II in
the Suppplemental Material.
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temperatures, followed by the dxy and dx2�y2 susceptibilities. The
leading s± channel shows divergent behavior for the Nc = 2 site cluster
indicating an instability near T ~ 0.012 eV ~ 140 K (see also Supple-
mental Material). This result is consistent with the CDMFT study in
ref. 27 for a similar but different model and simplified interaction term
with only aU term on the d3z2�r2 orbital. TheNc = 8 results fall below the
Nc = 2 results, while theNc = 16 results are very close to theNc = 2 results
for the temperatures we can access. Lower temperatures are inaccessible
for the larger cluster sizes due to the Fermion sign problem. Fluctua-
tions in the cluster size of this sort are expected, since certain clusters,
such as Nc = 8, may overestimate phase fluctuations due to the periodic
boundary conditions used on the DCA cluster, and therefore under-
estimate the pair-field susceptibility. This was previously observed in
DCA calculations for the single-orbital Hubbard model31. With
increasing cluster size, boundary conditions become less important,
and one expects this artificial suppression of the pair-field correlations
to be reduced. This is indeed what we observe here.

A more detailed analysis of the temperature dependence of the pair-
field susceptibilities is included in the Supplemental Material in Sec. II,
where we show plots of 1/Pα versus temperature. While the transition
temperature is expected to drop in larger clusters due to the inclusion of
spatial phase fluctuations, these effects do not appear as pronounced as in
the single-orbital Hubbard model31, as the the Nc = 16 site results are
identical to the Nc = 2 site results down to the lowest temperatures we can
access. From this, we conclude that the normal state of this model in the
thermodynamic limit has an instability to an s± superconducting state at a
temperature near T ~ 0.01 eV ~ 100 K.

Orbital and real-space pair structure
As illustrated in Fig. 3a and detailed in the Supplemental Material, the
divergent interaction-driven part of the pair-field susceptibility has the form
GG ΓGG with G the single-particle Green’s function and Γ the reducible
vertex. The leading eigenvalues λα and eigenvectorsϕ

α
‘1‘2

ðKÞ of this quantity
give information about the frequency and momentum/real-space

Fig. 3 | The orbital and real space structure of the
leading pair correlations. The eigenvalues λα and
eigenvectors ϕα‘1‘2 ðKÞ of the interaction enhanced
part of the pair-field susceptibility shown in (a)
contain information about the leading pair struc-
tures. Panels (b, c) plot the spatial, orbital, and layer
structure of the Fourier-transform of ϕα‘1‘2 ðKÞ to real
space, aα‘1‘2 ðrÞ, for the leading s

± (λ = 0.23) and sub-
leading dx2�y2 (λ = 0.1) pair correlations, respec-
tively. Results are for theNc= 16 site cluster forU= 3
eV, U 0 ¼ 2 eV, J = 0.5 eV and temperature T
= 0.08 eV.
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structure of the pair correlations that give rise to the enhancement of the
pair-field susceptibility. Since we are only interested in spin-singlet,
even frequency correlations, we integrate this quantity over frequency
as detailed in the Supplemental Material, and show in Fig. 3b and c the
real-space, layer, and orbital structure of the two leading eigenvectors,
ϕα‘1‘2 ðrÞ ¼ 1=Nc

P
Kϕ

α
‘1‘2

ðKÞeiKr for α ¼ dx2�y2 and dxy, respectively. For
the leading s± eigenvector plotted in panel (b) of Fig. 3, the largest
contribution arises from the d3z2�r2 orbital and has inter-layer and local
in-plane character. This corresponds to the cos kz form factor in
momentum space. In addition, there is also a much smaller, inter-layer
cos kz contribution from the dx2�y2 orbital, but only negligible intra-
layer nearest- and next-nearest neighbor contributions for both orbi-
tals. Inter-orbital pair correlations do not play a role for this state. The
subleading dx2�y2 pairing state shown in panel (c) also has a significant
inter-layer d3z2�r2 contribution, in this case with dx2�y2 spatial structure.
In contrast to the s± state in panel b, the dx2�y2 orbital contributes strong
intra-layer but no inter-layer correlations. Another difference is the
presence of strong inter-orbital pair correlations, which have opposite
signs for intra- and inter-layer contributions. These contributions
necessarily have s-wave spatial structure, which, together with the
overall dx2�y2 orbital structure of the inter-orbital pairs, gives the net
dx2�y2 -wave pair structure.

Notably,wefind that thefirst statewithdxy-wave structure (not shown)
has a significantly smaller eigenvalue than the s± and dx2�y2 states shown in
Fig. 3. This means that the dxy-wave pair-field correlations shown in Fig. 2,
even though they are larger than the dx2�y2 -wave correlations, arise mostly
from the leading (zeroth order in the interaction) contribution to Pdxy

and
are not significantly enhanced by the interactions and therefore not diver-
gent at lower temperatures.

Magnetic susceptibility
Spin fluctuations have been argued to play an important role in mediating
the pairing in unconventional superconductors like the nickelates. It is
therefore interesting to study whether their structure is consistent with the
observed pairing correlations. The zero frequencymagnetic susceptibility is
given by

χðqÞ ¼
X
‘1‘2

Z β

0
dτhm�

q‘1
ðτÞmy

q‘2
ð0Þi ð3Þ

withmy
q‘ ¼ 1=

ffiffiffiffi
N

p P
kd

y
kþq‘"dk‘# and q ¼ ðqx; qy; qzÞwith qz=0andπ the

even and odd layer combinations, respectively. We plot in Fig. 4, the tem-
perature dependence of χðqÞ calculated on the Nc = 16 cluster and inter-
polated in (qx, qy). For all temperatures, the inter-layer antiferromagnetic (qz
= π) correlations are stronger than the inter-layer ferromagnetic (qz = 0)
correlations. As the temperature is lowered, peaks develop for in-plane
q ¼ ðπ; 0Þ and symmetry-related points for qz = π, so that at the lowest
temperature, the strongest response is obtained for q ¼ ðπ; 0; πÞ. This
corresponds to in-plane striped (antiferromagnetic along qx, ferromagnetic
along qy) and inter-layer antiferromagnetic correlations. These results are
consistent with earlier weak coupling RPA calculations for this model in
ref. 6,32.

Pairing interaction
Ameasure of the strength of the pairing interaction giving rise to the pairing
states α shown in Fig. 3 is

VαðTÞ ¼
1

P0
ϕα ðTÞ

� 1
Pϕα ðTÞ

: ð4Þ

As detailed in the Supplemental Material, Pϕα is the pair-field susceptibility
in Eq. (1) using for the form factor g‘‘

0
α ¼ ϕα‘‘0 , i.e., the leading eigenvectors

shown in Fig. 3, and P0
ϕα is the leading (zeroth order) term in the Bethe-

Salpeter expansion of Pϕα . A plot ofVα(T) is shown in Fig. 5a. In Fig. 5b, we
have plotted the integrated spin fluctuation spectral weights

Iν ¼ 1
Nc

P
Q

R
dω
π

χ00ðQ;ωÞ
ω cosQν

¼ 1
Nc

P
Q
χðQÞ cosQν

ð5Þ

for the intra- (Qν = Qx) and inter-layer (Qν = Qz) near-neighbor spin
fluctuations. Here, the sum overQ runs over the Nc cluster momenta. The
pairing interactionVα(T) increases as the temperature T is lowered for both
pairing channels α = s± and dx2�y2 . Similarly, the near-neighbor inter-layer
spin-fluctuation spectral weight Iz also increases as T decreases. This
increase arises from the increasing difference between the inter-layer
antiferromagnetic (qz = π) and ferromagnetic (qz = 0) spin correlations
shown in Fig. 4 as T decreases. In contrast, the intra-layer spectral weight Ix
remains small for all the temperatures indicating that intra-layer spin
fluctuations do not play an important role. The dashed line for the ‘1; ‘2 ¼
d3z2�r2 contribution in panel (b) shows that Iz primarily arises from spin
fluctuations in the d3z2�r2 orbital. Taken together, we believe that this
demonstrates that both pairing states, s±and dx2�y2 , are primarily driven by
inter-layer spin fluctuations arising from the d3z2�r2orbital.

Discussion
Our nonperturbative analysis of the effective pairing interaction demon-
strates that the d3z2�r2 orbital is the primary orbital involved in the pairing
mechanism, giving rise to the s± state. From Fig. 3b it is clear that for the
leading s± state, pairing is mostly limited to the d3z2�r2 orbital, and Fig. 5
shows that it is the d3z2�r2 inter-layer spin fluctuations that give rise to this
state. These results support the picture of a simple single-orbital bilayer
Hubbardmodel first discussed by Sakakibara et al. in ref. 7 in the context of
weak-coupling perturbative calculations, where the d3z2�r2 orbital is the
relevant orbital and the dx2�y2 orbital plays a secondary role. Previous DCA
QMC calculations for such a single-obital bilayer Hubbard model with
interlayer hopping t⊥ found a similar leading s± pairing state for parameter
regimes where t⊥ is larger than the in-plane nearest neighbor hopping t30.
The present two-orbital model has similar relative energy scales, where the
inter-layer hopping t?zz for the d3z2�r2 orbital is the largest hopping in the
model. While there are differences in the momentum structure of the spin
fluctuations (in the single-bandmodel the scattering is peakedat an in-plane
q = (π, π) wavevector30 rather than the (π, 0) wavevector found here), the
dominant inter-layer nature of the spinfluctuations and their role in driving
the s± pairing state is consistent between the two models.

Our results providefirst-timenonperturbative evidence for this picture
and strengthen the notion that Tc in bilayer La3Ni2O7 can be further
increased because of its relation to the simple bilayer Hubbard model7, for
which previousDCAQMCcalculations found a significantly enhancedTc

30.
Strategies to achieve such anenhancement by tuning the electronic structure
in ways that result in a self-doping of the d3z2�r2 orbital were discussed
in ref. 7.

To conclude, in this work, we have reported DCA QMC calculations
for a realistic bilayer two-orbital Hubbard-Hund model of La3Ni2O7 that
allowed us to study the pairing mechanism in this material for physically
relevant interaction parameters nonperturbatively.Wehave shown that this
model has an s± superconducting instability with singlet pairs formed pri-
marily from electrons in the d3z2�r2 orbitals on neighboring sites in the top
and bottom layers, and that this pair formation is driven by strong inter-
layer spin fluctuations arising from the d3z2�r2 orbitals. These results pro-
vide new evidence for a simple bilayer Hubbard model picture of pairing in
these compounds, for which previous calculations have found an enhanced
Tc, supporting the possibility that Tc in La3Ni2O7 can be further increased
through electronic structure tuning.
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Methods
Bilayer two-orbital model
The Hamiltonian of the bilayer two-orbital model we consider

H ¼ H0 þ Hint ð6Þ

consists of a non-interacting tight-binding partH0 and an interaction term
Hint. The non-interacting term is given by

H0 ¼ P
hiji

P
‘‘0 ;σ

tij
‘‘0 ðd

y
i‘σdj‘0σ þ h:c:Þ þ ϵx

P
iσ
nixσ

�μ
P
i‘σ

ni‘σ
ð7Þ

Here, tij
‘‘0 is the hopping amplitude between orbitals ‘; ‘0 2 fx �

dx2�y2 ; z � d3z2�r2 g on nearest neighbor sites i, j in the bilayer lattice, diℓσ
(dyi‘σ) annihilates (creates) an electron with spin σ on site i in orbital ℓ and
ni‘σ ¼ dyi‘σdi‘σ . The values for t

ij
‘‘0 are given in the caption of Fig. 1 and

correspond to the system under 25 GPa pressure. We note that the largest
hopping parameter is the intra-orbital, inter-layer hopping t?zz between the
d3z2�r2 orbitals, leading to bonding and antibonding states as discussed in
ref. 6. Finally, ϵx = 0.506 eV denotes the crystal field splitting between the
dx2�y2 and d3z2�r2 orbitals. The chemical potential μ is adjusted so that the
total site filling 〈n〉 = 1.5, which corresponds to stoichiometric La3Ni2O7

6.
The interaction term is given by

Hint ¼ U
P
i
ni‘"ni‘#

þ U 0
2

P
i

P
‘≠‘0;σ;σ 0

ni‘σni‘0σ 0

þ U 0�J
2

P
i

P
‘≠‘0;σ

ni‘σni‘0σ

ð8Þ

and contains the local intra-orbital and inter-orbital Coulomb repulsions
U and U 0, respectively, as well as the density-density part of the Hund’s
rule coupling J. Here, we have neglected the spin-flip part of the Hund’s

Fig. 4 | Magnetic correlations in the bilayer two-
orbital model. In-plane (qx, qy) dependence of the
cluster magnetic susceptibility χðqÞ for qz = 0
((a, b, c)) and qz = π ((d, e, f)) for three different
temperatures as indicated on the right. As the tem-
perature is lowered, χðqÞ develops peaks for q ¼
ðπ; 0; πÞ and symmetry-related wavevectors. Results
are for U = 3 eV, U 0 ¼ 2 eV, and J = 0.5 eV.
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rule coupling as well as the pair-hopping term. These terms are known to
cause difficulties in the QMC treatment by significantly exacerbating the
Fermion sign problem33. These neglected terms have been shown to only
mildly affect the phase diagram of a three-orbital Hubbard model34. All
the results presented in this paper are for U = 3 eV, U 0 ¼ 2 eV, and J =
0.5 eV. These values are representative of the parameters that have been
determined from optical properties19 and have been used before in other
calculations7.

Dynamical cluster quantumMonte Carlo approximation
Wecalculate the pairing andmagnetic properties of thismodel using aDCA
approximation29,35, which approximates the thermodynamic limit by a
finite-size Nc-site cluster that is self-consistently embedded in a dynamic
mean-field designed to treat the effects of the remaining sites in the lattice.
The effective cluster problem is solvedwith a continuous-time auxiliaryfield
quantum Monte Carlo algorithm36,37. The efficient implementation of this
DCA QMC algorithm in the DCA++ code38 allows us to perform suffi-
ciently long sampling to accurately resolve the superconducting properties.
We have used a two-site (1 × 1) × 2 cluster (Nc = 2) with one site in the
bottomandone site in the top layer, an8-site (2×2)×2clusterwith four (2×
2) sites per layer (Nc = 8), and a 16-site cluster with 8 sites (in a diamond
shape) per layer (Nc = 16).

Data availability
Thedata that support thefindings of this study canbe obtained at Zenodo at
https://doi.org/10.5281/zenodo.17945044.

Code availability
The DCA++ code used in this study is available at https://github.com/
CompFUSE/DCA.
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