4.3: Angular Momentum

We wish to find out what it the meaning of " /"
and "m" in the quantum numbers (n,/,m).
ik
Let us start with the classical formula for X Yy zZ
angular momentum: [, —pxp —— PP, P,

Component by component in Cartesian coordinates this is:

Ly =yp: —zpy, Ly=2zpyx —xpz, L;=2xpy— yPx.

To move into quantum mechanics we follow the usual recipe:

px — —ihd/dx, p, — —ikhd/dy, p, — —ihd/dz



Do these operators commute? (HW12)

[Ly, Ly] = [yp; — 2Py, TPr — XP;]

= [ype. 20x1 — [YPz> xp2) — 2Py, zpx] + 2Py, XD, ]
[p.z]  YX[PzP-] [z,2]
YPxLP2.Z 2Pzl pplz.z]  xplz.p,]
L‘o_’ Pz p,lz.p
= VPx [Pz z] + XPy (2 Pyl = ih(;‘:‘p—y — ypx) = il
\_'_I \_'_l | v ]
-ih +ih L,




If operators do not commute, then we cannot know
them simultaneously simply from the general
theorem of Ch. 3. For example:

O'E Gg (—-(zhL )) = Z—(LZ_-_)Z-

However, something special happens with the square
of the angular momentum:

L2=L2+ L2412
It commutes with L, (and with L, and with L,):
(L%, Lyl = [L3, Ly]+ (L3, L) + (L2 L, ]

.. we heed a "mini theorem" now ...



L2 LJ= L2 Ly - L2

L, [L,Ld = Ly (LyLe- LiL,)

L, L L, = (LLe- LL) L,

L2 L =L, [L,LJ+[L,LJL, usedin HW12

In general [A%, B]= A[A,B]+[A,B] A. You will use this
theorem in HW12. Applying this theorem multiple times:

(L%, Lyl = [L2, Lyl + [L2, L] + (L2, L)
— —

=Ly, Ll + Ly, LIDDA L, Ll + (L, LILD

= Ly(—ihL;) + (—ihL; Ly + L, GhLy) + (GAL,)L,
= 0.




The same holds for all components:
L2, L]=0, [I* L,=0, [L*L,]=0
Because L? commutes with at least one component

(usually chosen to be L,) then we should find
eigenstates of both operators simultaneously.

LPf=xf Lo f = uf
Then our mission is to find A and pu (today) and f (next lecture).

To solve this problem we will use a procedure very
similar to that of the Harmonic Oscillator with the
lowering and raising operators.



In Ch. 2 we defined the raising and lowering operators.

— 1 —_ Ry
¢ \/thm( [p + mwx)




If fis eigenfunction of L% and L, with
eigenvalues . and i, respectively, then
the claim (proof similar as in Ch2) 1S that:

LALyf)= MLyf)
LLyf)= (ut A (Lsf)

Note: this is
: .. at fixed A.
L, is the raising operator

and L_ the lowering operator.

But like in Ch.2 this cannot go on forever.
Eventually the projection, positive or
negative, will be larger than the vector itself.



At the top value, let us call the L, max eigenvalue Fl
L f=hlf; L*fi=Af;
Useful identity:
LiLly=(Ly +iLy)(Ly Fily) = L2+ L3 Fi(LiLy— LyLy)

=L?% — L? Fi(ihL;) Or, just reorganizing:

L?=LyLy+ L] FhL,

Lfy = (L-Ly + L* +hL) f, =
=0+ P+ 1D fi =10+ 1) f;
A=A+ 1D




Too tedious to continue with all the details but you have
the essence of the reasoning already. See pages 163-165.

L2fy" = U0+ DS Loff* = hmf"

AL,

Analyzing now the bottom of the
chain of states it can be shown that:

m=—[, —I+1,...,1—1,1

thus 71=0, 1/2, 1, 3/2, ...

Note that / can be integer or
half-integer mathematically
speaking ... more later, maybe
in last lecture (hint: spin).




